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ABSTRACT. In this paper we provide an explicit description of normal almost contact structures obtained from Cartan-
Ehresmann connections (gauge fields) on principal S1-bundles over complex flag manifolds. The main feature of our ap-
proach is to employ elements of representation theory of complex simple Lie algebras in order to describe and classify these
structures. By following [52], we use these normal almost contact structures to explicitly describe a huge class of compact
Hermitian non-Ka¨hler manifolds obtained from products of principal S1-bundles over complex flag manifolds. Moreover,
by following [46], we obtain from our description several concrete examples of 1-parametric families of complex structures
on products of principal S1-bundles over flag manifolds, these concrete examples generalize the Calabi-Eckmann manifolds
[14]. Further, by following [26], as an application of our main results in the setting of KT structures on toric bundles over
flag manifolds, we classify a huge class of explicit examples of Calabi-Yau structures with torsion (CYT) on certain Vaisman
manifolds (generalized Hopf manifolds [72]). Also as an application of our main results, we provide several new concrete
examples of astheno-Ka¨hler structures on products of compact homogeneous Sasaki manifolds. This last construction
generalizes, in the homogeneous setting, the results introduced in [47] for Calabi-Eckmann manifolds.
1. INTRODUCTION
1.1. An overview for the reader. In 1948, H. Hopf [32] gave the first examples of compact complex manifolds
which are non-Ka¨hler by showing that S1 × S2m+1 admits a complex structure for any positive integer m. These
structures are obtained from the quotient of Cm+1\{0} by a holomorphic and totally discontinuous action of Z.
In 1953, Calabi and Eckmann [14] showed that any product of spheres of odd dimension S2n+1 × S2m+1 (for
n,m > 0) can be endowed with a structure of complex manifold. In order to achieve that, they considered the
fibration
S1 × S1 →֒ S2n+1 × S2m+1 → CPn × CPm, (1.1)
where CPn denotes the complex projective space of dimension n, and equipped the torus fiber of this bundle with
a structure of elliptic curve.
In 1963, A. Morimoto [52] made a study of almost complex structures on the product space of almost contact
manifolds [28], [62]. He showed that any product of almost contact manifolds can be endowed with an almost
complex structure, and proved that the induced almost complex structure on the product is integrable if and
only if both underlying almost contact structures are normal [61]. By using the normal contact metric structure
on S2n+1 introduced in [60], he generalized Calabi-Eckmann construction of complex structures on products of
odd-dimensional spheres. Later, in 1980, by means of Morimoto’s ideas, K. Tsukada showed in [71] how to endow
S2n+1 × S2m+1 with a 1-parametric family of complex structures which include Morimoto’s complex structure as
a particular case.
In [45], J.-J. Loeb and M. Nicolau generalized Calabi-Eckmann and Hopf complex structures through the con-
struction of a class of complex structures on the product S2n+1×S2m+1 that contains the precedents. Similar tech-
niques were used by S. Lo´pez de Medrano and A. Verjovsky in [49] to construct another family of non-Ka¨hlerian
compact manifolds, and later it was generalized by L. Meersseman in [50]. In 2008, M. Manjarı´n constructed
1-parameter families of complex structures by means of normal almost contact structures and CR-structures.
These families include as particular cases the Hopf manifolds, the Calabi-Eckmann manifolds, and the complex
structures on the product of two normal almost contact manifolds constructed by Morimoto and Tsukada.
Recently, in [58], inspired by Loeb-Nicolau’s construction [45], Sankaran and Thakur obtained a family of
complex structures on S(L1)× S(L2), where S(Li)→ Xi, i = 1, 2, is the smooth principal S1-bundle associated to a
holomorphic principal C×-bundle Li → Xi over a complex manifold Xi, i = 1, 2.
In this paper, we study Morimoto’s construction [52], and Manjarı´n’s construction [46], of complex structures,
and 1-parameter families of complex structures, respectively, on products of normal almost contact manifolds
provided by principal S1-bundles over flag manifolds. Our main purpose is classify these complex structures
by using elements of Lie theory which underlie the geometry of complex flag manifolds, such as representation
theory of simple Lie algebras and painted Dynkin diagrams [1]. In order to do so, we develop some techniques
introduced in [17] to explicitly compute the Cartan-Ehresmann connections on principal S1-bundles over complex
flag manifolds. Then, we combine this with the ideas developed in [52], and [46, Proposition 2.9], obtaining a
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2concrete treatment in terms of differential forms, irreducible representations, and painted Dynkin diagrams for
such constructions of complex structures.
Also, by looking at the aspects of Hermitian geometry on manifolds provided by total spaces of principal torus
bundles over flagmanifolds [20, Proposition 4.26], [26], [57], as applications of our main results, we give a concrete
description of Calabi-Yau connections with torsion (CYT structures) on certain Vaisman manifolds (generalized
Hopf manifolds [72]). Recently, CYT structures on non-Ka¨hler manifolds have attracted attention as models for
string compactifications, see for instance [37] and references therein. By following [26], we provide a constructive
method to describe a huge class of concrete examples of CYT structures which generalizes, in the homogeneous
setting, some well-known constructions from Hopf manifolds S2n+1 × S1 to more general spaces.
Still in the setting of Hermitian geometry, we give also a concrete description of astheno-Ka¨hler structures
on products of compact homogeneous Sasaki manifolds. As pointed out in [21], until recently astheno-Ka¨hler
metrics were not receiving a lot of attention due to the lack of examples. Actually, there are not many examples
of astheno-Ka¨hler manifolds, some of them are given by Calabi-Eckmannmanifolds [47] and by nilmanifolds [23].
By following [71], [47], and [48], we obtain as an application of our main results several concrete new examples
of astheno-Ka¨hler manifolds which generalize the construction on Calabi-Eckmann manifolds S2n+1 × S2m+1
introduced in [47]. In this last case, as in the previous constructions described, our treatment take into account
elements of representation theory of complex simple Lie algebras which control the projective algebraic geometry
of complex flag manifolds.
1.2. Main results. Our main results can be organized as follows:
(1) Classification of normal almost contact structures obtained from Cartan-Ehresmann connections on prin-
cipal circle bundles over flag manifolds;
(2) Classification of 1-parametric families of complex structures on products of circle bundles over flag man-
ifolds by using elements of Lie theory;
(3) Explicit description by using elements of Lie theory of Calabi-Yau structures with torsion on certain
compact Vaisman manifolds;
(4) Explicit description, by using elements of Lie theory, of astheno-Ka¨hler structures on products of compact
homogeneous Sasaki manifolds.
In what follows, we provide a brief description for all the results listed above. Our first result provides an
improvement for Morimoto’s result [52, p. 432], which asserts that any simply connected homogeneous contact
manifold admits a normal almost contact structure. Actually, we show that the normality condition holds for any
principal S1-bundle over a complex flag manifold by describing explicitly these normal almost contact structures
in terms of the associated Cartan-Ehresmann connection. We recall that a complex flag manifold is a compact
simply connected homogeneous Hodge manifold X defined by
X = GC/P = G/G ∩ P, (1.2)
where GC is a complex simple Lie group with compact real form given by G, and P ⊂ GC is a parabolic Lie
subgroup. By considering Lie(GC) = gC, if we choose a Cartan subalgebra h ⊂ gC, and a simple root system
Σ ⊂ h∗, up to conjugation, we have that P = PΘ, for some Θ ⊂ Σ, where PΘ is a parabolic Lie subgroup completely
determined by Θ, see for instance [1]. In this last setting, our first result is the following.
Theorem 1. Let XP = G
C/P be a complex flag manifold associated to some parabolic Lie subgroup P = PΘ of a
complex simple Lie group GC. Then, given a principal S1-bundle Q ∈ P(XP, U(1)), we have that
(1) Q =
∑
α∈Σ\Θ
Q(ℓαωα), such that ℓα ∈ Z, ∀α ∈ Σ\Θ.
(2) The manifold defined by the total space Q admits a normal almost contact structure (φ, ξ = ∂
∂θ
, η), such
that
η =
√
−1
2
(
∂ − ∂
)
log
( ∏
α∈Σ\Θ
||sUv
+
ωα
||2ℓα
)
+ dθU, (1.3)
where sU : U ⊂ XP → GC is a local section, and v+ωα is the highest weight vector with weight ωα associated
to the fundamental irreducible gC-module V(ωα), ∀α ∈ Σ\Θ. Moreover, φ ∈ End(TQ) is completely deter-
mined by the horizontal lift of
√
−1η and the canonical invariant complex structure J0 of XP. Furthermore,
it satisfies π∗ ◦ φ = J0 ◦ π∗.
(3) We have a Riemannian metric gQ on Q such that
gQ = π
∗(ωXP(id⊗ J0))+ η⊗ η and LξgQ = 0, (1.4)
where ωXP is an invariant Ka¨hler form on XP.
The result above combines [30, Theorem 1], and [52, Theorem 6], with the recent results provided by the
author in [17], and [16]. The key point in our construction is to provide the precise description of
Pic(XP) ∼= P(XP, U(1)), L 7→ Q(L), (1.5)
for any complex flag manifold XP = G
C/P, where P(XP, U(1)) is the set of isomorphism classes of principal S
1-
bundles over XP. Although the isomorphism 1.5 is well-known, e.g. [40], the precise correspondence in terms of
connections, curvature and characteristic classes has been recently described in [17].
3Remark 1.1. Let us recall that, given an almost contact manifoldM with structure tensors (φ, ξ, η), we can define
an almost CR-structure onM by using its structure tensors as follows: consider D = ker(η), and define
Jφ : D
C → DC, (1.6)
where DC = D⊗C, and Jφ is theC-linear extension of φ|D . From this, it can be shown that the normality condition
for (φ, ξ, η) implies the integrability of Jφ, so a normal almost contact manifold has a canonical CR-structure, see
for instance [6, Theorem 6.6].
By following the ideas developed in [46], and the result of Theorem 1, we provide the following result which
classifies 1-parametric families of complex structures on products of principal circle bundles over complex flag
manifolds.
Theorem 2. Let XPi be a complex flag manifold associated to some parabolic Lie subgroup Pi ⊂ GCi , such that
i = 1, 2. Then, given principal S1-bundles Q1 ∈ P(XP1 , U(1)) and Q2 ∈ P(XP2 , U(1)), we have the following:
(1) There exists a 1-parametric family of complex structures Jτ ∈ End(T(Q1 ×Q2)) determined by J1⊕ J2, and
by a complex valued 1-form Ψτ ∈ Ω1(Q1 ×Q2)⊗ C, which satisfies Jτ(Ψτ) =
√
−1Ψτ, defined by
Ψτ =
√
−1
2Im(τ)
{
τ
[
dc log
(
1∏
α∈Σ1\Θ1
||sU1v
+
ωα
||ℓα
)
+ dθU1
]
+ dc log
(
1∏
β∈Σ2\Θ2
||sU2w
+
ωβ
||ℓβ
)
+ dθU2
}
,
for some local section sUi : Ui ⊂ XPi → GCi , i = 1, 2, such that τ ∈ C\R.
(2) Particularly, if τ =
√
−1, we have Morimoto’s complex structure J√−1 ∈ End(T(Q1 ×Q2)), i.e.,
J√−1(X,Y) =
(
φ1(X) − η2(Y)ξ1,φ2(Y) + η1(X)ξ2
)
, (1.7)
for all (X, Y) ∈ T(Q1 × Q2), where (φi,ξi, ηi) is a normal almost contact structure on Qi, i = 1, 2, as in
Theorem 1. Moreover, by considering the Riemannian metric gQ1 × gQ2 , with gQi as in Theorem 1, we
obtain a Hermitian non-Ka¨hler structure (J√−1,gQ1 × gQ2 ) on Q1 ×Q2, with fundamental form Ω given
by
Ω = π∗1ωXP1 + π
∗
2ωXP2 + η1 ∧ η2, (1.8)
where πi : Qi → XPi , and ωXPi is an invariant Ka¨hler metric on XPi , i = 1, 2. Furthermore, regarding the
complex structure J√−1 ∈ End(T(Q1 ×Q2)) described above, we have that the natural projection map
π1 × π2 :
(
Q1 ×Q2, J√−1
)→ (XP1 × XP2 , J1 × J2), (1.9)
is holomorphic, where Ji is an invariant complex structure on XPi , i = 1, 2.
The result of Theorem 2 together with the result of Theorem 1, and the description of invariant Ka¨hler metrics
given in [4], allow us to describe explicitly a huge class of complex manifolds and Hermitian non-Ka¨hler mani-
folds. Furthermore, the last theorem also generalizes Morimoto’s result [52, p. 432], which in turn implies the
construction of complex structures on products of odd-dimensional spheres.
As we have seen, the second part of Theorem 2 gives us a concrete description of Hermitian non-Ka¨hler
structures on principal T2-bundles over Cartesian products of complex flag manifolds. In a more general setting,
given a principal G-bundle G →֒M→ B, over an almost complex manifold B, if we suppose that G is a Lie group
of even real dimension, then we can endow the manifold underlying the total space M with an almost complex
structure J ∈ End(TM), see for instance [20, Proposition 4.25]. A particular setting in which the last ideas
becomes even more interesting is when G = T2n. Actually, when the fiber of the principal bundle is an even
dimensional torus, under the assumption of integrability for the complex structure on the base manifold, and
that the characteristic classes of M to be of (1, 1)-type, one can show that the almost complex structure, as just
mentioned, is in fact integrable, see for instance [20, Proposition 4.26]. This last description of complex structure
on torus bundles turns out to be essentially the same complex structure obtained in Theorem 1 for the particular
case when G = T2.
Recently, many interesting results related to Ka¨hler structures with torsion (a.k.a. KT structures) on torus
bundle were introduced in [26], see also [57]. In order to contextualize the first application of our main results,
let us recall some generalities about Hermitian geometry with torsion.
We recall that a KT structure on a Hermitian manifold (M, J,g) can be defined from the unique Hermitian
connection ∇B, called in the literature as Bismut connection or KT connection, satisfying the conditions
∇Bg = 0 and ∇BJ = 0. (1.10)
In this last setting, we call the triple (g, J,∇B) a KT structure defined on M. By considering the fundamental
2-form Ω = g(J⊗ id), associated to a KT structure (g, J,∇B), we have
g(T∇B(X, Y),Z) = dΩ(JX, JY, JZ) = (JdΩ)(X, Y,Z), (1.11)
∀X,Y,Z ∈ TM, where T∇B is the torsion of ∇B, e.g. [25]. Thus, we can associate to a KT structure (g, J,∇B) a
torsion 3-form TB = JdΩ ∈ Ω3(M).
Now, we notice that, since∇B is a Hermitian connection, its (restricted) holonomy group Hol0(∇B) is in general
contained in the unitary group U(n). If the restricted holonomy group of a KT connection ∇B can be reduced to
SU(n), the Hermitian structure is said to be Calabi-Yau with torsion (a.k.a. CYT), and, in this latter case, we call
(g, J,∇B) a CYT structure.
4In the context of complex structures on torus bundle, by following the results of [26], as an application of
Theorem 1 we obtain the following theorem:
Theorem 3. Let XP be a complex flag manifold, with real dimension 2m, associated to some parabolic Lie sub-
group P ⊂ GC, and let I(XP) be its Fano index. Then the manifoldM = Q(L)×U(1), such that L = K
⊗ ℓ
I(XP)
XP
, ℓ > 0,
admits a CYT structure (gM,J ,∇B) whose fundamental form ΩM = gM(J ⊗ id) is given by
ΩM =
mℓ
I(XP)
dη+ η∧ dσ, (1.12)
such that
√
−1dσ ∈ Ω1(U(1);√−1R) is the Maurer-Cartan form, and (locally)
η =
1
2I(XP)
dc log
(∣∣∣∣sUv+δP ∣∣∣∣2)+ dθU, (1.13)
for some local section sU : U ⊂ XP → GC, where v+δP denotes the highest weight vector of weight δP associated to the
irreducible gC-module V(δP).
Remark 1.2. Notice that manifolds defined by Cartesian products of the form Q × S1, where Q is a compact
Sasakian manifold, are particular examples of Vaisman manifolds, or generalized Hopf manifolds, see [72], [54].
Notice also that in this last setting we have a locally conformal Ka¨hler structure on Q × S1 obtained from the
globally conformal structure associated to the Ka¨hler covering given by the metric cone(
C (Q) = Q× R+,ωC = 1
2
d(r2η)
)
, (1.14)
where η ∈ Ω1(Q) is the underlying contact structure, for more details see [54], [18]. It is straightforward to
show that the Hermitian structure (gM,J ) which underlies the CYT structure (gM,J ,∇B) defined on M =
Q(L) × U(1) in Theorem 1.12 is in fact Vaisman, i.e., locally conformally Ka¨hler with parallel1 Lee form, see
Corollary 5.19.
As we have seen, from Theorem 3 we obtain a quite constructive method to produce KT structures (gM,J ,∇B)
which are explicit solutions of the equation
Ric∇
B
(ΩM) = 0, (1.15)
i.e., the last theorem provides a constructive method to produce explicit examples of KT structures which satisfies
Hol
0
(∇B) ⊂ SU(m + 1).
In the theoretical physics context, CYT structures was considered first by A. Strominger [65] and C. Hull
[33]. According to [37], for compactifications of string theory with non-vanishing torsion, it is required that the
connection with torsion has holonomy contained in SU(n), n = 2, 3, 4, G2, Spin(7).
TABLE 1. Table with examples of complex Hermitian non-Ka¨hler manifolds with CYT struc-
ture provided by Theorem 3.
Hol
0
(∇B) ⊂ SU(2) Hol0(∇B) ⊂ SU(3) Hol0(∇B) ⊂ SU(4) Hol0(∇B) ⊂ SU(5) Hol0(∇B) ⊂ SU(|Π+| + 1)
S3 × S1 S5 × S1 X1,1 × S1 V2(R6)× S1 Q(KG/T )× S1
Remark 1.3. In [27] it was shown that any compact complex homogeneous space with vanishing first Chern class,
after a suitable deformation in the complex structure, admits a homogeneous Calabi-Yau structure with torsion
(CYT), provided that it also has an invariant volume form. The proof of this result uses Guan’s result [29], the
torus bundle construction of the CYT structures provided in [26] and the result [27, Theorem 3], related to the
existence of CYT structures on certain C-spaces [73] with vanishing first Chern class.
Our next result is also an application of Theorem 1 and Theorem 2. We recall that a Hermitian manifold
(M, J,g) is said to be astheno-Ka¨hler if its fundamental 2-form Ω = g(J⊗ id) satisfies
ddcΩn−2 = 0, (1.16)
where dimC(M) = n. In [38], Jost and Yau used the condition 1.16 to study Hermitian harmonic maps and to
extend Siu’s Rigidity Theorem [64] to non-Ka¨hler manifolds. Since then, many other results related to astheno-
Ka¨hler manifolds have been established, see for instance [44], [43], [70]. However, as pointed out in [21], there
are not many examples of astheno-Ka¨hler manifolds, some of them are given by Calabi-Eckmann manifolds [47]
and by nilmanifolds [23]. Thus, by following [71], [47], [48], our next result combines Theorem 1, Theorem 2,
and the ideas introduced in [17], in order to provide a systematic method to obtain explicit examples of astheno-
Ka¨hler manifolds. These manifolds are given by Cartesian products of compact homogeneous Sasaki manifolds,
with Hermitian structure completely determined by elements of Lie theory. The result is the following:
1Here the parallelism required is with respect to the Levi-Civita connection∇ associated to gM, see for instance [72].
5Theorem 4. Let Qi = Q(Li) be a compact homogeneous Sasaki manifold with structure tensors (φi, ξi,ηi,gi),
such that L−1i ∈ Pic(XPi) is an ample line bundle, for some Pi = PΘi ⊂ GCi , i = 1, 2. Then we have that:
(1) The manifold M = Q(L1) × Q(L2) admits a 1-parametric family of Hermitian structures (Ωa,b, Ja,b), a +√
−1b ∈ C\R, completely determined by principal S1-connections √−1ηi ∈ Ω1(Q(Li);
√
−1R), i = 1, 2, such
that
ηi =
1
2
dc log
(
||sUiv
+
λ(Li)
||2
)
+ dθUi , (1.17)
for some local section sUi : Ui ⊂ XPi → GCi , where v+λ(Li) is the highest weight vector of weight λ(Li)
associated to the irreducible gC-module V(λ(Li)), i = 1, 2;
(2) Moreover, the Hermitian structure (Ωa,b, Ja,b) is astheno-Ka¨hler if and only if the real constants a,b ∈ R
satisfy
mΘ1
(
mΘ1 − 1
)
+ 2amΘ1mΘ2 +mΘ2
(
mΘ2 − 1
)(
a2 + b2
)
= 0, (1.18)
where mΘi = |Π
+
i \〈Θi〉+|, i = 1, 2, andmΘ1 +mΘ2 + 1 > 3.
It is worth mentioning that, under the hypotheses of theorem above, the complex structure Ja,b ∈ End(T(Q(L1)×
Q(L2))), a +
√
−1b ∈ C\R, is given by Tsukada’s complex structure [71]. It is defined by
Ja,b = φ1 −
(
a
b
η1 +
a2 + b2
b
η2
)
⊗ ξ1 + φ2 +
(
1
b
η1 +
a
b
η2
)
⊗ ξ2. (1.19)
After a suitable change, the complex structure above is the same provided in Theorem 2. The complex structure
above has a compatible Riemannian metric ga,b = Ωa,b(id⊗ Ja,b), such thatΩa,b ∈ Ω2(Q(L1)×Q(L2)) is given by
Ωa,b =
1
2
(
dη1 + dη2
)
+ bη1 ∧ η2. (1.20)
From [47], we have that ddcΩn−2a,b = 0, n = mΘ1 +mΘ2 + 1 > 3, if and only if Equation 1.18 holds. We also note
that, from Theorem 4, we obtain a huge class of examples that naturally generalize the construction provided in
[47] for Calabi-Eckmann manifolds.
In 1984, Gauduchon made the following conjecture.
Conjecture 1.4 ([24, IV.5]). Let M be a compact complex manifold. Let ψ be a closed real (1, 1)-form on M
satisfying [ψ] = cBC1 (M) ∈ H1,1BC(M,R). Then there exists a Gauduchonmetricω onM, i.e., satisfying ∂∂(ωn−1) = 0,
such that
Ric(ω) = ψ, (1.21)
where Ric(ω) is the Chern-Ricci curvature, given locally by Ric(ω) = −
√
−1∂∂ logωn.
Here we consider the Bott-Chern cohomology group
H1,1BC(M,R) =
{
d-closed real (1, 1)-forms
}{√
−1∂∂f, f ∈ C∞(M)} ,
and the first Bott-Chern class cBC1 : Pic(M) → H1,1BC(M,R) (cf. [10]). Gauduchon’s conjecture 1.4 is a natural
extension of the celebrated Calabi conjecture [74] to compact complex manifolds. Recently, Tosatti and Weinkove
showed in [70, Corollary 1.4] that Conjecture 1.4 holds for the class of compact Hermitian non-Ka¨hler manifolds
satisfying the astheno-Ka¨hler condition 1.16. The general result has been proved by Sze´kelyhidi, Tosatti, and
Weinkove in [66]. From Theorem 4, we have a constructive method to describe a huge class of explicit examples
of compact complex manifolds which can be used to illustrate the solution of Gauduchon’s Conjecture 1.4 (cf.
Remark 5.41).
It is worth pointing out that the manifolds described in Theorem 4 do not admit any Ka¨hler structure. Ac-
tually, according to [58, Theorem 2.13], the manifolds considered in the last theorem above do not admit any
symplectic structure. Hence, complex manifolds obtained from the Cartesian product of compact homogeneous
Sasaki manifolds can not be algebraic.
1.3. Outline of the paper. The content and main ideas of this paper are organized as follows: In Section 2,
we shall cover some generalities about almost contact manifolds and contact manifolds. In this section we also
describe Morimoto’s construction [52] of almost complex structures on products of almost contact manifolds and
Manjarı´n’s construction of 1-parametric families of complex structures on products of normal almost contact
manifolds. In Section 3, we provide a description of connections and curvatures on holomorphic line bundles and
principal S1-bundles over complex flag manifolds, our approach is mainly based on [40], [17], and [6]. In Section
4, we shall prove our main results, namely, Theorem 1 and Theorem 2, and provide examples. In Section 5, we
explore some applications of our main results in the study of Hermitian geometry with torsion on principal torus
bundles over flag manifolds. The main purpose of this last section is to prove Theorem 3 and Theorem 4.
2. ALMOST COMPLEX STRUCTURES ON PRODUCTS OF ALMOST CONTACT MANIFOLDS
2.1. Almost contact manifolds. Let us recall some basic facts and generalities on almost contact geometry.
Our approach is based on [62], [6].
Definition 2.1. An almost contact manifold is a (2n+1)-dimensional smooth manifoldM endowed with structure
tensors (φ, ξ, η), such that φ ∈ End(TM), ξ ∈ Γ(TM), and η ∈ Ω1(M), satisfying
φ ◦ φ = −id + η⊗ ξ, η(ξ) = 1. (2.1)
6Remark 2.2. Given an almost contact manifold M with structure tensors (φ, ξ, η), we can show from 2.1 the
following additional properties:
φ(ξ) = 0, η ◦ φ = 0 and rank(φ) = 2n.
Even though these additional properties can be derived from 2.1, see for instance [6, Theorem 4.1], many authors
include the properties above in the definition of almost contact manifolds.
In the setting of almost contact manifolds we have the concept of normality which is characterized by the
equation [
φ,φ
]
+ dη⊗ ξ = 0, (2.2)
where [φ,φ] is the Nijenhuis torsion of φ.
Definition 2.3 (Sasaki and Hatakeyama, [61]). An almost contact manifold M with structure tensors (φ, ξ, η)
which satisfy 2.2 is called normal almost contact manifold.
Remark 2.4. Given an almost contact manifold M with structure tensors (φ, ξ, η), we can consider the manifold
defined by M× R. We denote a vector field on M× R by (X, f d
dt
), where X is tangent to M, t is the coordinate on
R, and f ∈ C∞(M× R). From this, we can define an almost complex structure onM× R by setting
J
(
X, f
d
dt
)
=
(
φ(X) − fξ, η(X)
d
dt
)
. (2.3)
By following [61], we can show that [
φ,φ
]
+ dη⊗ ξ = 0⇐⇒ [J, J] = 0.
Thus, we have the normality condition for (φ, ξ, η) equivalent to the integrability condition for the almost complex
structure J defined in 2.3.
A special context on which we have a natural normal almost contact structure is provide by the following
result.
Theorem 2.5 ([52], [30]). Let M be the total space of a principal U(1)-bundle over a complex manifold (N, J).
Suppose we have a connection 1-form
√
−1η on M such that dη = π∗ω, here π denotes the projection of M onto N,
and ω is a 2-form on N satisfying
ω(JX, JY) = ω(X,Y),
for X, Y ∈ Γ(TN). Then, we can define a (1, 1)-tensor field φ on M and a vector field ξ on M such that (φ, ξ, η) is a
normal almost contact structure onM.
Proof. The complete proof for this result can be found in [52], [30]. Let us briefly outline the main ideas involved.
Consider ξ = ∂
∂θ
∈ Γ(TM) as being the vector field defined by the infinitesimal action of u(1) on M and let√
−1η ∈ Ω1(M; u(1)) be the connection 1-form such that dη = π∗ω. Without loss of generality, we can suppose
that η(ξ) = 1.
Now, we define φ ∈ End(TM) by setting
φ(X) :=
{
(Jπ∗X)H, if X⊥ξ.
0 , if X ‖ ξ.
Here we denote by (Jπ∗X)H the horizontal lift of Jπ∗X relative to the connection
√
−1η ∈ Ω1(M; u(1)). A straight-
forward computation shows that (φ, ξ, η) defines an almost contact structure. For the normality condition, we
just need to check that [
J, J
] ≡ 0 and ω ∈ Ω1,1(N) =⇒ [φ,φ]+ dη⊗ ξ = 0,
the details of the implication above can be found in [52, Theorem 6]. 
An important result which will be useful for us is the following.
Theorem 2.6 ([30]). Let π : M → N be a principal circle bundle over an almost complex manifold (N, JN). Then
we have an almost contact structure (φ, ξ, η) onM which satisfies
(1)
√
−1η is a connection 1-form onM.
(2) φ is invariant under the transformations generated by the infinitesimal transformation ξ = ∂
∂θ
.
(3) π∗ ◦ φ = JN ◦ π∗.
Moreover, ifN is an almost Hermitian manifold with metric gN, then we can also define an associated Riemannian
metric gM onM such that
gM = π
∗gN + η⊗ η and LξgM = 0, (2.4)
i.e. ξ is a Killing vector field on (M,gM).
72.2. Contact geometry and almost contact geometry. An important class of almost contact manifolds is
provided by contact manifolds. Let us recall some basic generalities on contact geometry.
Definition 2.7. LetM be a smooth connected manifold of dimension 2n+ 1. A contact structure onM is a 1-form
η ∈ Ω1(M) which satisfies η∧ (dη)n 6= 0.
When a smooth connected (2n + 1)-dimensional manifold M admits a contact structure η ∈ Ω1(M) the pair
(M, η) is called contact manifold. Given a contact manifold (M, η), at each point p ∈Mwe have from the condition
η∧ (dη)n 6= 0 that (dη)p is a quadratic form of rank 2n in the Grassman algebra
∧
T∗pM, thus we obtain
TpM = Dp ⊕ Fηp , (2.5)
such that D = ker(η) and
p ∈M 7→ Fηp =
{
X ∈ TpM
∣∣ (dη)p(X, TpM) = 0} ⊂ TpM,
defines the characteristic foliation.
Let (M, η) be a contact manifold. From the condition η ∧ (dη)n 6= 0, we have that there exists ξ : C∞(M) →
C∞(M), such that
df∧ (dη)n = ξ(f)η∧ (dη)n, (2.6)
∀f ∈ C∞(M). From this, a straightforward computation shows that ξ is a R-linear derivation on C∞(M), hence
ξ ∈ Γ(TM). Now, from Equation 2.6 we can show that
β(ξ)η∧ (dη)n = β∧ (dη)n,
∀β ∈ Ω1(M). By using this last fact we have
η(ξ)η∧ (dη)n = η∧ (dη)n and dη(X, ξ)η∧ (dη)n =
1
n+ 1
ιX(dη)
n+1 = 0,
for all X ∈ Γ(TM). Therefore, we obtain ξ ∈ Γ(TM) which satisfies
η(ξ) = 1 and dη(ξ, ·) = 0, (2.7)
see for instance [69] for more details about the description above. The vector field ξ is called the characteristic
vector field, or Reeb vector field, of the contact structure η.
A contact structure η ∈ Ω1(M) is called regular if the associated characteristic vector field ξ ∈ Γ(TM) is
regular, namely, if every point of the manifold has a neighborhood such that any integral curve of the vector field
passing through the neighborhood passes through only once [56]. In this case (M, η) is called regular contact
manifold.
In the setting of compact regular contact manifolds we have the following important well-known result.
Theorem 2.8 (Boothby-Wang, [8]). Let η be a regular contact structure on a compact smooth manifoldM, then:
(1) M is a principal U(1)-bundle over N =M/U(1),
(2) η ′ =
√
−1η defines a connection on this bundle, and
(3) the manifold N is a symplectic manifold whose the symplectic form ω determines an integral cocycle on N
which satisfies dη = π∗ω, where π : M→ N.
The next result states that, in fact, the converse of Theorem 2.8 is also true.
Theorem 2.9 (Kobayashi, [40]). Let (N,ωN) be a symplectic manifold such that [ωN] ∈ H2(N,Z), then there exists
a principal U(1)-bundle π : M→ N with a connection 1-form η ′ ∈ Ω1(M, u(1)) which determines a regular contact
structure η = −
√
−1η ′ onM which satisfies dη = π∗ωN.
We are particularly interested in the following setting.
Definition 2.10. A contact manifold (M, η) is said to be homogeneous if there is a connected Lie group G acting
transitively and effectively as a group of diffeomorphisms onM which leave η invariant, i.e. g∗η = η, ∀g ∈ G.
We denote a homogeneous contact manifold by (M, η,G). From this, we have the following important result.
Theorem 2.11 (Boothby-Wang, [8]). Let (M, η,G) be a homogeneous contact manifold. Then the contact form η is
regular. Moreover,M = G/K is a fiber bundle over G/H0K with fiber H0K/K, where H0 is the connected component
of a 1-dimensional Lie group H, and H0 is either diffeomorphic to U(1) or R.
If we suppose that (M, η,G) is compact and simply connected, then according to [51], without loss of generality,
we can suppose that G is compact. Furthermore, according to [73] we can in fact suppose that G is a semisimple
Lie group. Hence, we have the following theorem.
Theorem 2.12 (Boothby-Wang, [8]). Let (M, η,G) be a compact simply connected homogeneous contact manifold.
ThenM is a circle bundle over a complex flag manifold (N,ωN) such that ωN defines a G-invariant Hodge metric
which satisfies dη = π∗ωN, where π : M→ (N,ωN).
8The next result shows that in the setting of Theorem 2.12 we have a complete description of compact simply
connected homogeneous contact manifolds in terms of negative line bundles over flag manifolds. Given a complex
manifoldN, for every L ∈ Pic(N) we can take a Hermitian structure H on L and consider the circle bundle defined
by
Q(L) =
{
u ∈ L
∣∣∣ √H(u,u) = 1}. (2.8)
Now, we have the following characterization for compact simply connected homogeneous contact manifolds, see
for instance [17].
Proposition 2.13. Let (M, η,G) be a compact simply connected homogeneous contact manifold, then M is a
principal U(1)-bundle π : Q(L) → N over a complex flag manifold, for some ample line bundle L−1 ∈ Pic(N).
Moreover, if dη = π∗ωN, where [ωN] ∈ H2(N,Z) is a G-invariant Ka¨hler-Einstein metric, it follows that
L = K
⊗ 1
I(N)
N , (2.9)
where I(N) is the Fano index of N.
The next result together with the last proposition allow us to describe all compact homogeneous contact man-
ifolds, the proof for the result below can be found in [11].
Theorem 2.14. Let (M, η,G) be a compact homogeneous contact manifold. Then
(1) M is a non-trivial circle bundle over a complex flag manifold,
(2) M has finite fundamental group, and the universal cover M˜ of M is a compact homogeneous contact
manifold.
The result above provides a complete description for any compact homogeneous contact manifold (M, η,G) as
being a quotient space
M = M˜/Γ ,
where M˜ = Q(L) is given by Proposition 2.13 and Γ = Zℓ ⊂ U(1) →֒ M˜ is a cyclic group given by the deck
transformations of the universal cover M˜, see for instance [11]. Hence, we have
M = Q(L)/Zℓ = ℓ ·Q(L) = Q(L) + · · · +Q(L)︸ ︷︷ ︸
ℓ−times
,
see for instance [40], [6, Chapter 2]. In this paper we also shall use the notationM = Q(L⊗ℓ).
Therefore, under the assumption of the Einstein condition in the associated Boothby-Wang fibration π : (M, η)→
(N,ωN), i.e. Ric(ωN) = kωN, k ∈ Z>0, we have
N = GC/P = G/G ∩ P and M = Q(K⊗
ℓ
I(N)
N ),
where GC is a complexification of G, P ⊂ GC is a parabolic Lie subgroup, and I(N) is the Fano index of N.
Remark 2.15. As we can see, it is suitable to denote N = XP in order to emphasize the parabolic Lie subgroup
P ⊂ GC.
2.3. Morimoto’s construction of almost complex structures. In what follows we shall cover some basic
results concerned to the construction of almost complex structures on products of almost contact manifolds, our
approach is according to [52].
Let M1 and M2 be almost contact manifolds with structure tensors (φ1,ξ1, η1) and (φ2,ξ2, η2), respectively.
For any X ∈ TM1 and Y ∈ TM2, we can define
J(X, Y) =
(
φ1(X) − η2(Y)ξ1,φ2(Y) + η1(X)ξ2
)
, (2.10)
it is straightforward to check that J ◦ J = −id. From this, we have the following proposition:
Proposition 2.16. Let M1 and M2 be almost contact manifolds. Then M1 × M2 admits an almost complex
structure induced by the almost contact structure ofM1 andM2.
We have the following characterization of the integrability condition for the almost complex structure 2.10
Theorem 2.17 (Morimoto, [52]). Under the hypotheses of the last proposition, the almost complex structure J is
integrable if and only if both (φ1, ξ1,η1) and (φ2,ξ2, η2) are normal.
An interesting corollary of Theorem 2.17 is the following result of Calabi and Eckmann [14].
Corollary 2.18. The manifold S2n+1 × S2m+1 admits a complex structure.
Remark 2.19. Notice that if we have principal circle bundles M1 and M2 over almost Hermitian manifolds
(Ni, JNi ,gNi ), i = 1, 2, respectively, then we have an almost Hermitian structure (g, J) onM1 ×M2, such that J is
defined as in 2.10 and
g((X, Y), (Z,W)) = gM1 (X,Z) + gM2 (Y,W), (2.11)
where gMi is the Riemannian metric on Mi, i = 1, 2, obtained from Theorem 2.6. Moreover, by considering the
almost contact structures (φ1, ξ1, η1) and (φ2, ξ2, η2) of M1 andM2, respectively, a straightforward computation
shows that the fundamental 2-form Ω = g(J⊗ id) is given by
Ω = π∗1ωNi + π
∗
2ωN2 + η1 ∧ η2, (2.12)
9where ωNi = gNi (JNi ⊗ id), i = 1, 2, η1 and η2 are taken as 1-forms extended to the productM1 ×M2.
The result provided by Corollary 2.18 can be understood in terms of Lie theory as follows. Associated to each
odd-dimensional sphere we have a complex Hopf fibration, i.e.,
U(1) →֒ S2n+1 → CPn and U(1) →֒ S2m+1 → CPm.
Now, notice that both principal U(1)-bundles above can be endowed with a normal almost contact structure.
Actually, it follows from Theorem 2.5, Theorem 2.12, and Proposition 2.13 that any circle bundle
U(1) →֒ Q(K⊗
ℓ
I(N)
N )→ N = XP,
can be endowed with a normal almost contact structure. Therefore, since for every complex Hopf fibrationU(1) →֒
S2n+1 → CPn we have
S2n+1 = Q(K
⊗ 1n+1
CPn ) and CP
n = SU(n+ 1)/SU(n)×U(1),
it follows that the complex manifold obtained by the product of two odd-dimensional spheres is a particular
example of Morimoto’s construction 2.17.
The comment above leads to the following generalization for the Calabi and Eckmann construction. Consider
the following principal U(1)-bundles
U(1) →֒ Q(K⊗
ℓ1
I(N1)
N1
)→ N1 = XP1 and U(1) →֒ Q(K
⊗ ℓ2
I(N2)
N2
)→ N2 = XP2 .
From Theorem 2.17 we have a compact complex manifold defined by the product
Q(K
⊗ ℓ1
I(N1)
N1
)×Q(K⊗
ℓ2
I(N2)
N2
).
In the setting above, if we take invariant Ka¨hler structures ωNi on Ni, i = 1, 2, then we have from Remark 2.19
that
dΩ = dη1 ∧ η2 − η1 ∧ dη2, (2.13)
where Ω is defined as in 2.12. Thus, it follows that(
Q(K
⊗ ℓ1
I(N1)
N1
)×Q(K⊗
ℓ2
I(N2)
N2
),Ω, J
)
, (2.14)
defines a compact Hermitian manifold which is not Ka¨hler.
2.4. Manjarı´n’s construction of one-parameter family of complex structures. In this subsection we shall
give a brief description of the construction of one-parameter family of complex structures on the product of normal
almost contact manifolds. The method which we will present is essentially the content of [46, Proposition 2.9].
For the sake of compatibility to [46], let us introduce some basic facts related to CR-structures.
Definition 2.20. A CR-manifold is a differentiable manifold M endowed with a complex subbundle T (1,0)M of
the complexified tangent bundle TM ⊗ C, which satisfies T (1,0)M ∩ T (1,0)M = {0} and the Frobenius (formal)
integrability property [
Γ(T (1,0)M), Γ(T (1,0)M)
] ⊆ Γ(T (1,0)M). (2.15)
The subbundle T (1,0)M satisfying the properties above is called a CR-structure on M. When T (1,0)M does not
satisfy the integrability condition 2.15, we call T (1,0)M an almost CR-structure onM.
Let M be an almost contact manifold with structure tensors (φ, ξ, η). We can define an almost CR-structure
onM by using its structure tensors as follows: consider D = ker(η) and define
Jφ : D
C → DC, (2.16)
where DC = D ⊗ C, and Jφ is the C-linear extension of φ|D . From this, we set
T (1,0)M :=
{
X ∈ DC ∣∣ Jφ(X) = √−1X}. (2.17)
It is straightforward to check that T (1,0)M ∩ T (1,0)M = {0}, thus we obtain an almost CR-structure onM.
In general, T (1,0)M defined as in 2.17 may fail to be integrable. By a result of S. Ianus [36], see also [6, Theorem
6.6], we have that [
φ,φ
]
+ dη⊗ ξ = 0 =⇒ [Γ(T (1,0)M), Γ(T (1,0)M)] ⊆ Γ(T (1,0)M), (2.18)
where T (1,0)M is given by 2.17. Thus, a normal almost contact manifold is always a CR-manifold. If we have a
Riemannian metric g onM compatible with (φ, ξ, η), in the sense that
g(φ(X),φ(Y)) = g(X, Y) − η(X)η(Y), (2.19)
∀X,Y ∈ TM, we call (M,φ, ξ, η,g) an almost contact metric manifold. The necessary and sufficient condition for a
contact metric manifold (M,φ, ξ, η,g) to be a CR-manifold were provided by S. Tanno [67], see also [6, Theorem
6.7]. Actually, a contact metric manifold might be CR without the structure (φ, ξ, η) being normal.
Given a CR-manifold (M, T (1,0)M), we can define a real subbundle D of TM by setting
D := TM ∩ (T (1,0)M⊕ T (1,0)M). (2.20)
The subbundle D defines the Levi distribution associated to T (1,0)M, see for instance [19]. Further, we can define
J : D → D , by imposing that
X−
√
−1J(X) ∈ T (1,0)M, ∀X ∈ D . (2.21)
By taking T (0,1)M = T (1,0)M, we obtain
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D ⊗ C = T (1,0)M⊕ T (0,1)M.
If we consider the C-linear extension of J, we have
T (1,0)M =
{
X ∈ DC ∣∣ J(X) = √−1X} and T (0,1)M = {X ∈ DC ∣∣ J(X) = −√−1X},
see for instance [7]. As we can see from the description above, the CR-structure T (1,0)M is completely determined
by (D , J). We denote by AutCR(M) the subset of Diff(M) of maps such that f∗ : TM → TM preserves D and
commutes with J. Let {ϕt | t ∈ R} be the flow induced by a smooth R-action on M. We say that {ϕt} defines a
CR-action if ϕt ∈ AutCR(M), ∀t ∈ R. When dimR(M) = 2n + 1, we call the action transverse to the CR-structure
if the smooth vector field T ∈ Γ(TM), defined by
T(p) =
d
dt
∣∣∣
t=0
ϕt(p), (2.22)
∀p ∈M, is everywhere transverse to D , i.e., TM = D ⊕ 〈T〉.
From the ideas above we have the following (equivalent) alternative definition of normal almost contact struc-
ture.
Definition 2.21. A normal almost contact structure on a manifold M of odd-dimension is a pair (T (1,0)M,ϕt)
where T (1,0)M is a CR-structure and {ϕt} is a flow induced by a smooth R-action which is transverse to the CR-
structure T (1,0)M. Given a normal almost contact structure (T (1,0)M,ϕt) we define its characteristic 1-form η by
the conditions
η(T) = 1 and ker(η) = D , (2.23)
where T ∈ Γ(TM) is defined by the flow {ϕt} as in 2.22, and D = TM ∩ (T (1,0)M ⊕ T (1,0)M). Therefore, we also
denote a normal almost contact structure by (T ,D ,η).
Remark 2.22. In the setting above, given a normal almost contact structure (T (1,0)M,ϕt) on a manifoldM of odd-
dimension, we can recover the structure tensors as in 2.1 as follows: consider the associated Levi distribution
D = T (1,0)M∩TM, and the tensor J : D → D as in 2.21. We define a (1, 1)-tensor φJ ∈ End(TM) from an extension
of J by requiring that
φJ(T) = 0.
It follows from 2.23 that φJ ◦ φJ = −id + η ⊗ T . Thus, by considering the structure tensors (φJ, T ,η) on M, we
obtain an almost contact structure in the sense of 2.1. The normality condition 2.2 follows from the integrability
condition 2.15.
Proposition 2.23 (M. Manjarı´n, [46]). Let M1 and M2 be two manifolds endowed with normal almost contact
structures (T1,D1, η1) and (T2,D2, η2), respectively. Then, there exists a 1-parametric family of complex structures
Jτ on the product M1 ×M2, for τ ∈ C\R, so that the complex manifold M1 ×M2 admits a nowhere vanishing
holomorphic vector field vτ.
The 1-parametric family of complex structures Jτ on M1 ×M2 obtained from the proposition above is defined
by imposing that
T (1,0)(M1 ×M2) = T (1,0)M1 ⊕ T (1,0)M2 ⊕ 〈vτ := T1 − τT2〉C. (2.24)
The integrability of Jτ ∈ End(T(M1 ×M2)) follows from the fact that:[
T (1,0)Mi, T
(1,0)Mi
] ⊆ T (1,0)Mi and [Ti, T (1,0)Mi] ⊆ T (1,0)Mi, i = 1, 2.
Remark 2.24. Another way to characterize the complex structure Jτ above is the following. Recall that a differ-
ential form ω ∈ Ω•(M) is called basic with respect to a foliation F if LXω = ιXdω = 0, for every vector field X
tangent to the leaves of F. By considering the complex structures Ji : Di → Di, i = 1, 2, we have
Di ⊗ C = T (1,0)Mi ⊕ T (0,1)Mi, i = 1, 2.
Thus, since by hypothesis both CR-structures are normal, it follows that
T(M1 ×M2) = D1 ⊕D2 ⊕ 〈T1, T2〉R, (2.25)
and J1 ⊕ J2 ∈ End(D1 ⊕ D2) is integrable. Therefore, we have that the foliation generated by T1 and T2 is
transversely holomorphic, notice that [T1, T2] = 0. Now, by taking the complex valued 1-form
Ψτ =
√
−1
2Im(τ)
(
τη1 + η2
)
, (2.26)
it is not difficult to see that Ψ(vτ) = 1 and Ψτ(vτ) = 0. Moreover, we have that dΨτ is basic with respect to the
foliation generated by T1 and T2, and dΨτ is of (1, 1)-type with respect to the transverse holomorphic structure
induced by J1 ⊕ J2. Thus, we have a complex structure by taking an extension Jτ ∈ End(T(M1 ×M2)) of J1 ⊕ J2
whose the induced map Jτ : T(M1 ×M2)⊗C→ T(M1 ×M2)⊗ C satisfies
Jτ(Ψτ) =
√
−1Ψτ, (2.27)
i.e., we take Jτ in such a way that Ψτ is of the (1, 0)-type. The integrability of Jτ ∈ End(T(M1 ×M2)) follows
from the fact that we can take local basis formed by Ψτ, and forms of (1, 0)-type with respect to the transverse
holomorphic structure induced by J1 ⊕ J2, such that
d
(
Ω1,0(M1 ×M2)
) ⊆ Ω2,0(M1 ×M2)⊕Ω1,1(M1 ×M2),
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for more details see [46]. Hence, the complex valued 1-form defined in 2.26 allows us to recover completely the
1-parametric family of complex structure provided by 2.23.
Remark 2.25. Under the hypothesis of Proposition 2.23, and considering the last comments, if we denote τ =
a +
√
−1b ∈ C\R, the complex structure Jτ ∈ End(T(M1 ×M2)) also can be thought as an extension of J1 ⊕ J2 ∈
End(D1 ⊕D2) which satisfies
Jτ|〈T1,T2〉R =
(
−a
b
− 1
b
a2+b2
b
a
b
)
, (2.28)
where Jτ|〈T1,T2〉R stands for the matrix of the restriction of Jτ on 〈T1, T2〉R with respect to the natural basis {T1, T2}.
Therefore, a straightforward computation shows us that, if τ =
√
−1, it follows that
J√−1(X, Y) =
(
φJ1 (X) − η2(Y)T1,φJ2(Y) + η1(X)T2
)
,
i.e., for a = 0, and b = 1, the complex structure Jτ provided by Proposition 2.23 coincides with Morimoto’s complex
structure 2.10. Thus, the result of Proposition 2.23 provides a generalization for Calabi-Eckmann manifolds and
for complex structures on the product of two normal almost contact manifolds (i.e. Morimoto’s construction).
Remark 2.26 (Tsukada’s complex structures). In [71], K. Tsukada introduced a 1-parametric family of complex
structures on products of normal almost complex manifolds defined as follows: let M1 and M2 be normal almost
contact manifolds with structure tensors (φ1, ξ1, η1) and (φ2, ξ2, η2), respectively. From this we can define an
almost complex structure Ja,b ∈ End(T(M1 ×M2)), a +
√
−1b ∈ C\R, by setting
Ja,b = φ1 −
(
a
b
η1 +
a2 + b2
b
η2
)
⊗ ξ1 + φ2 +
(
1
b
η1 +
a
b
η2
)
⊗ ξ2. (2.29)
As in [52], the integrability of the almost complex structure defined above follows from the normality condition
of both almost contact structures involved in the construction. It is straightforward to check that
Ja,b|〈ξ1,ξ2〉R =
(
−a
b
−a
2+b2
b
1
b
a
b
)
. (2.30)
Thus, after a suitable change in the extension of J1 ⊕ J2 ∈ End(D1 ⊕ D2), we see that the complex structures
obtained from Proposition 2.23 coincides with Tsukada’s complex structures.
3. LINE BUNDLES AND PRINCIPAL S1-BUNDLES OVER COMPLEX FLAG MANIFOLDS
This section is devoted to provide some basic results about holomorphic line bundles and principal S1-bundles
over flag manifolds. The main references for the results which we shall cover in the next subsections are [40],
[17], and [6].
3.1. Line bundles over flag manifolds. We start by collecting some basic facts about simple Lie algebras and
simple Lie groups. Let gC be a complex simple Lie algebra, by fixing a Cartan subalgebra h and a simple root
system Σ ⊂ h∗, we have a decomposition of gC given by
gC = n− ⊕ h⊕ n+,
where n− =
∑
α∈Π− gα and n
+ =
∑
α∈Π+ gα, here we denote by Π = Π
+ ∪ Π− the root system associated to the
simple root system Σ = {α1, . . . ,αl} ⊂ h∗. We also denote by κ the Cartan-Killing form of gC.
Now, given α ∈ Π+, we have hα ∈ h such that α = κ(·,hα), we can choose xα ∈ gα and yα ∈ g−α such that
[xα,yα] = hα. For every α ∈ Σ, we can set
h∨α =
2
κ(hα,hα)
hα, (3.1)
from this we have the fundamental weights {ωα | α ∈ Σ} ⊂ h∗, where ωα(h∨β ) = δαβ, ∀α,β ∈ Σ. We denote by
Λ∗
Z>0
=
⊕
α∈Σ
Z>0ωα, (3.2)
the set of integral dominant weights of gC. From the Lie algebra representation theory, given µ ∈ Λ∗
Z>0
we have
an irreducible gC-module V(µ)with highest weight µ, we denote by v+µ ∈ V(µ) the highest weight vector associated
to µ ∈ Λ∗
Z>0
.
Let GC be a connected, simply connected and complex Lie group with simple Lie algebra gC, and consider
G ⊂ GC as being a compact real form of GC. Given a parabolic Lie subgroup P ⊂ GC, without loss of generality, we
can suppose
P = PΘ, for some Θ ⊂ Σ.
By definition, we have PΘ = NGC(pΘ), where Lie(PΘ) = pΘ ⊂ gC is given by
pΘ = n
+ ⊕ h⊕ n(Θ)−, with n(Θ)− =
∑
α∈〈Θ〉−
gα.
It will be useful for us to consider the following basic subgroups
TC ⊂ B ⊂ P ⊂ GC.
For each element in the chain of subgroups above we have the following characterization:
(1) TC = exp(h), (complex torus)
(2) B = N+TC, where N+ = exp(n+), (Borel subgroup)
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(3) P = PΘ = NGC (pΘ), for some Θ ⊂ Σ ⊂ h∗. (parabolic Lie subgroup)
Associated to the data above we will be concerned to study the generalized complex flag manifold defined by
XP = G
C/P = G/G ∩ P.
The following theorem allows us to describe all G-invariant Ka¨hler structures on XP in terms of local Ka¨hler
potentials.
Theorem 3.1 (Azad-Biswas, [4]). Let ω ∈ Ω1,1(XP)G be a closed invariant real (1, 1)-form, then we have
π∗ω =
√
−1∂∂ϕ,
where π : GC → XP is the projection map, and ϕ : GC → R is given by
ϕ(g) =
∑
α∈Σ\Θ
cα log ||gv
+
ωα
||,
with cα ∈ R>0, ∀α ∈ Σ\Θ. Conversely, every function ϕ as above defines a closed invariant real (1, 1)-form
ωϕ ∈ Ω1,1(XP)G. Moreover, if cα > 0, ∀α ∈ Σ\Θ, then ωϕ defines a Ka¨hler form on XP.
Remark 3.2. It is worth pointing out that the norm ||·|| in the last theorem is a norm induced by a fixedG-invariant
inner product 〈·, ·〉α on V(ωα), ∀α ∈ Σ\Θ.
Let XP be a flag manifold associated to some parabolic Lie subgroup P = PΘ ⊂ GC. According to Theorem 3.1,
by taking a fundamental weight ωα ∈ Λ∗Z>0 , such that α ∈ Σ\Θ, we can associate to this weight a closed real
G-invariant (1, 1)-form Ωα ∈ Ω1,1(XP)G which satisfies
π∗Ωα =
√
−1∂∂ϕωα , (3.3)
where π : GC → GC/P = XP and ϕωα(g) =
1
2π
log ||gv+ωα ||
2.
The characterization for G-invariant real (1, 1)-forms on XP provided by Theorem 3.1 can be used to compute
the Chern class for holomorphic line bundles over XP. Let us briefly describe how it can be done. Since each
ωα ∈ Λ∗Z>0 is an integral dominant weight, we can associate to it a holomorphic character χωα : TC → C×, such
that (dχωα)e = ωα, see for instance [68, p. 466]. Given a parabolic Lie subgroup P ⊂ GC, we can take the
extension χωα : P → C× and define a holomorphic line bundle as a vector bundle associated to the principal
P-bundle P →֒ GC → GC/P by the twisted product
Lχωα = G
C ×χωα C−ωα . (3.4)
Remark 3.3. In the description above we consider C−ωα as a P-space with the action pz = χωα (p)
−1z, ∀p ∈ P
and ∀z ∈ C (cf. [9]). Therefore, in terms of Cˇech cocycles, if we consider an open cover XP =
⋃
i∈IUi and
GC = {(Ui)i∈I,ψij : Ui ∩Uj → P}, then we have
Lχωα =
{
(Ui)i∈I,χ−1ωα ◦ψij : Ui ∩Uj → C×
}
. (3.5)
Thus, Lχωα = {gij} ∈ Hˇ1(XP,O∗XP ), with gij = χ−1ωα ◦ψij, where i, j ∈ I.
For us it will be important to consider the following results, see for instance [4] and [40].
Proposition 3.4. Let XP be a flag manifold associated to some parabolic Lie subgroup P = PΘ ⊂ GC. Then, for
every fundamental weight ωα ∈ Λ∗Z>0 , such that α ∈ Σ\Θ, we have
c1(Lχωα ) = [Ωα]. (3.6)
Proof. Consider an open cover XP =
⋃
i∈IUi which trivializes both P →֒ GC → XP and Lχωα → XP, such that
α ∈ Σ\Θ, and take a collection of local sections (si)i∈I, such that si : Ui → GC. From this, we define qi : Ui → R+
by
qi = e
−2πϕωα ◦si =
1
||siv+ωα ||
2
, (3.7)
for every i ∈ I. These functions (qi)i∈I satisfy qj = |χ−1ωα ◦ψij |2qi on Ui ∩Uj 6= ∅, here we have used that sj = siψij
on Ui ∩ Uj 6= ∅, and pv+ωα = χωα(p)v+ωα for every p ∈ P and α ∈ Σ\Θ. Hence, we have a collection of functions
(qi)i∈I which satisfies on Ui ∩Uj 6= ∅
qj = |gij|
2qi, (3.8)
such that gij = χ
−1
ωα
◦ψij, where i, j ∈ I.
From the collection of smooth functions described above we can define a Hermitian structure H on Lχωα by
taking on each trivialization fi : Lχωα → Ui × C a metric defined by
H((x, v), (x,w)) = qi(x)vw, (3.9)
for (x, v), (x,w) ∈ Lχωα |Ui ∼= Ui×C. The Hermitian metric above induces a Chern connection ∇ = d+∂ logH with
curvature F∇ satisfying √
−1
2π
F∇ = Ωα. (3.10)
Hence, it follows that c1(Lχωα ) = [Ωα]. From the ideas described above we have the desired result. 
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Proposition 3.5. Let XP be a flag manifold associated to some parabolic Lie subgroup P = PΘ ⊂ GC. Then, we
have
Pic(XP) = H
1,1(XP,Z) = H
2(XP,Z) =
⊕
α∈Σ\Θ
Z[Ωα]. (3.11)
Remark 3.6. In the previous results and comments we have restricted our attention just to fundamental weights
ωα ∈ Λ∗Z>0 for which α ∈ Σ\Θ. Actually, if we have a parabolic Lie subgroup P ⊂ GC, such that P = PΘ, the
decomposition
PΘ = [PΘ,PΘ]T(Σ\Θ)
C, (3.12)
see for instance [2, Proposition 8], such that
T(Σ\Θ)C = exp
{ ∑
α∈Σ\Θ
aαhα
∣∣∣ aα ∈ C}, (3.13)
shows us that Hom(P,C×) = Hom(T(Σ\Θ)C,C×). Therefore, if we take ωα ∈ Λ∗Z>0 , such that α ∈ Θ, we obtain
Lχωα = XP ×C, i.e., the associated holomorphic line bundle Lχωα is trivial.
In order to study the Boothby-Wang fibration as in Theorem 2.12 it will be important for us to compute c1(XP).
In order to do so, let us introduce δP ∈ h∗ by setting
δP =
∑
α∈Π+\〈Θ〉+
α. (3.14)
From this, we have the following result.
Proposition 3.7. Let XP be a flag manifold associated to some parabolic Lie subgroup P = PΘ ⊂ GC, then we have
K−1XP = det
(
T (1,0)XP
)
= LχδP
.
From Remark 3.3, the result above allows us to write
K−1XP =
{
(Ui)i∈I,χ−1δP ◦ψij : Ui ∩Uj → C×
}
.
Moreover, since the holomorphic character associated to δP can be written as
χδP =
∏
α∈Σ\Θ
χ〈δP ,h
∨
α 〉
ωα
,
we have the following characterization
K−1XP = LχδP
=
⊗
α∈Σ\Θ
L⊗〈δP ,h
∨
α 〉
χωα
.
Therefore, we obtain the following description for c1(XP)
c1(XP) =
∑
α∈Σ\Θ
〈δP ,h∨α 〉
[
Ωα
]
. (3.15)
Thus, from Theorem 3.1 we have a Ka¨hler-Einstein structure ωXP on XP defined by
ωXP =
∑
α∈Σ\Θ
〈δP,h∨α 〉Ωα, (3.16)
notice that Ric(ωXP ) = 2πωXP . It is worth pointing out that, also from Theorem 3.1, we have ωXP determined by
the quasi-potential ϕ : GC → R defined by
ϕ(g) =
1
2π
log
( ∏
α∈Σ\Θ
||gv+ωα ||
2〈δP ,h∨α 〉
)
, (3.17)
for every g ∈ GC. Hence, given a local section sU : U ⊂ XP → GC we have the following local expression for ωXP
ωXP =
√
−1
2π
∂∂ log
( ∏
α∈Σ\Θ
||sUv
+
ωα
||2〈δP ,h
∨
α 〉
)
. (3.18)
Remark 3.8. In order to do some local computations it will be convenient for us to consider the open set defined
by the “opposite” big cell in XP. This open set is a distinguished coordinate neighbourhood U ⊂ XP of x0 = eP ∈ XP
defined by the maximal Schubert cell. A brief description for the opposite big cell can be done as follows: let
Π = Π+∪Π− be the root system associated to the simple root system Σ ⊂ h∗. From this, we can define the opposite
big cell U ⊂ XP by
U = B−x0 = Ru(PΘ)
−x0 ⊂ XP,
where B− = exp(h⊕ n−) and
Ru(PΘ)
− =
∏
α∈Π−\〈Θ〉−
N−α , (opposite unipotent radical)
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with N−α = exp(gα), ∀α ∈ Π−\〈Θ〉−. The opposite big cell defines a contractible open dense subset of XP, thus the
restriction of any vector bundle over this open set is trivial. For further results about Schubert cells and Schubert
varieties we suggest [42].
Remark 3.9. Unless otherwise stated, in the examples which we will describe throughout this work we will use
the conventions of [59] and [34] for the realization of classical simple Lie algebras as matrix Lie algebras.
Let us illustrate the ideas described so far by means of basic examples.
Example 3.10. Consider GC = SL(2,C), we fix the triangular decomposition for sl(2,C) given by
sl(2,C) =
〈
x =
(
0 1
0 0
)〉
C
⊕
〈
h =
(
1 0
0 −1
)〉
C
⊕
〈
y =
(
0 0
1 0
)〉
C
.
Notice that all the information about the decomposition above is codified in Σ = {α} and Π = {α,−α}. Also, our set
of integral dominant weights in this case is given by
Λ∗
Z>0
= Z>0ωα.
We take P = B (Borel subgroup) and from this we obtain XB = SL(2,C)/B = CP
1. Moreover, from the cellular
decomposition
XB = CP
1 = N−x0 ∪ π
((
0 1
−1 0
))
,
we can take the open set defined by the opposite big cell U = N−x0 ⊂ XB and the local section sU : U ⊂ CP1 →
SL(2,C) defined by sU(nx0) = n, ∀n ∈ N−. It is worthwhile to observe that in this case we have the open set
U = N−x0 ⊂ CP1 parameterized by
z ∈ C 7→
(
1 0
z 1
)
x0 ⊂ CP1.
Since V(ωα) = C
2, v+ωα = e1 and 〈δB,h∨α 〉 = 2, it follows from Equation 3.18 that, over the opposite big cell
U = N−x0 ⊂ XB, we have
ωCP1 =
√
−1
2π
〈δB,h∨α 〉∂∂ log
(∣∣∣∣∣∣ (1 0
z 1
)
e1
∣∣∣∣∣∣2) = √−1
π
∂∂ log(1+ |z|2).
Notice that in this case we have K−1
CP1
= T (1,0)CP1 = TCP1, and KCP1 = T
∗CP1, besides we have
Pic(CP1) = Zc1(Lχωα ),
thus K−1
CP1
= L⊗2χωα . If we denote by L
⊗ℓ
χωα
= O(ℓ), ∀ℓ ∈ Z, we obtain KCP1 = O(−2) and Pic(CP1) generated by
O(1) = Lχωα . Furthermore, in this case we have the Fano index given by I(CP
1) = 2, which implies that
K
⊗ 12
CP1
= O(−1).
The computation above is an interesting constructive exercise to understand how the approach by elements of
the Lie theory, especially representation theory, can be useful to describe geometric structures.
Example 3.11. Let us briefly describe the generalization of the previous example for XP = CP
n. At first, we
recall some basic data related to the Lie algebra sl(n + 1,C). By fixing the Cartan subalgebra h ⊂ sl(n + 1,C)
given by diagonal matrices whose the trace is equal to zero, we have the set of simple roots given by
Σ =
{
αl = ǫl − ǫl+1
∣∣∣ l = 1, . . . ,n},
here ǫl : diag{a1, . . . ,an+1} 7→ al, ∀l = 1, . . . ,n+ 1. Therefore, the set of positive roots is given by
Π+ =
{
αij = ǫi − ǫj
∣∣∣ i < j}.
In this example we consider Θ = Σ\{α1} and P = PΘ. Now, we take the open set defined by the opposite big cell
U = Ru(PΘ)
−x0 ⊂ CPn, where x0 = eP (trivial coset) and
Ru(PΘ)
− =
∏
α∈Π−\〈Θ〉−
N−α , with N
−
α = exp(gα), ∀α ∈ Π−\〈Θ〉−.
We remark that in this case the open set U = Ru(PΘ)
−x0 is parameterized by
(z1, . . . , zn) ∈ Cn 7→

1 0 · · · 0
z1 1 · · · 0
...
...
. . .
...
zn 0 · · · 1
 x0 ∈ U = Ru(PΘ)−x0.
Notice that the coordinate system above is induced directly from the exponential map exp : Lie(Ru(P)
−)→ Ru(P)−.
From this, we can take a local section sU : U ⊂ CPn → SL(n+ 1,C), such that
sU(nx0) = n ∈ SL(n+ 1,C).
Since V(ωα1 ) = C
n+1, v+ωα1
= e1 and 〈δPΣ\{α1} ,h∨α1 〉 = n + 1, it follows from Equation 3.18 that over the opposite
big cell U = Ru(PΘ)
−x0 ⊂ CPn we have the expression of ωCPn given by
ωCPn =
(n+ 1)
2π
√
−1∂∂ log
(
1+
n∑
l=1
|zl|
2
)
.
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Notice that in this case we have Pic(CPn) = Zc1(Lχωα1
), thus K−1
CPn = L
⊗(n+1)
χωα1
. If we denote by L⊗ℓχωα1
= O(ℓ),
∀ℓ ∈ Z, we obtain KCPn = O(−n − 1) and Pic(CPn) generated by O(1) = Lχωα1 . Moreover, in this case we have
the Fano index given by I(CPn) = n+ 1, which implies that
K
⊗ 1n+1
CPn = O(−1).
Example 3.12. Consider GC = SL(4,C), here we use the same choice of Cartan subalgebra and conventions for
the simple root system as in the previous example. Since our simple root system is given by
Σ =
{
α1 = ǫ1 − ǫ2,α2 = ǫ2 − ǫ3,α3 = ǫ3 − ǫ4
}
,
by taking Θ = Σ\{α2} we obtain for P = PΘ the flag manifold XP = Gr(2,C
4) (Klein quadric). Notice that in this
case we have Pic(Gr(2,C4)) = Zc1(Lχα2 ). Thus, from Proposition 3.7, it follows that
K−1
Gr(2,C4)
= L
⊗〈δP ,h∨α2 〉
χωα2
.
By considering our Lie-theoretical conventions, we have
Π+\〈Θ〉+ =
{
α2,α1 + α2,α2 + α3,α1 + α2 + α3
}
,
hence
δP =
∑
α∈Π+\〈Θ〉+
α = 2α1 + 4α2 + 2α3.
By means of the Cartan matrix of sl(4,C) we obtain: 〈δP,h∨α2 〉 = 4 =⇒ K−1Gr(2,C4) = L⊗4χωα2 . In what follows, we
will use the following notation:
L⊗ℓχωα2
:= Oα2 (ℓ),
for every ℓ ∈ Z, therefore we have KGr(2,C4) = Oα2 (−4). In order to compute the local expression of ωGr(2,C4) ∈
c1(Oα2 (−4)), we observe that in this case the quasi-potential ϕ : SL(4,C)→ R is given by
ϕ(g) =
〈δP ,h∨α2 〉
2π
log
(
||gv+ωα2
||2
)
=
2
π
log
(
||gv+ωα2
||2
)
,
where V(ωα2 ) =
∧2
(C4) and v+ωα2
= e1 ∧ e2. Thus, we fix the basis {ei ∧ ej}i<j for V(ωα2 ) =
∧2
(C4). Similarly
to the previous examples, we consider the open set defined by the opposite big cell U = B−x0 ⊂ Gr(2,C4). In this
case we have the local coordinates nx0 ∈ U given by
(z1, z2, z3, z4) ∈ C4 7→

1 0 0 0
0 1 0 0
z1 z3 1 0
z2 z4 0 1
 x0 ∈ U = B−x0.
Notice that the coordinates above are obtained directly from the exponential map exp : Lie(Ru(P)
−) → Ru(P)−.
From this, by taking the local section sU : U ⊂ Gr(2,C4)→ SL(4,C), sU(nx0) = n, we obtain
ϕ(sU(nx0)) =
2
π
log
(
1+
4∑
k=1
|zk|
2 +
∣∣∣∣ det(z1 z3z2 z4
) ∣∣∣∣2
)
,
and the following local expression for ωGr(2,C4) ∈ c1(Oα2 (−4))
ωGr(2,C4) =
2
√
−1
π
∂∂ log
(
1+
4∑
k=1
|zk|
2 +
∣∣∣∣ det(z1 z3z2 z4
) ∣∣∣∣2
)
. (3.19)
It is worthwhile to observe that in this case we have the Fano index of Gr(2,C4) given by I(Gr(2,C4)) = 4, thus
we obtain
K
⊗ 14
Gr(2,C4)
= Oα2 (−1).
Remark 3.13. Notice that from Proposition 3.7 we have for a complex flag manifold XP its Fano index is given by
I(XP) = gcd
(
〈δP,h∨α 〉
∣∣∣ α ∈ Σ\Θ),
here we suppose P = PΘ ⊂ GC, for some Θ ⊂ Σ. Thus, I(XP) can be completely determined by the Cartan matrix
of gC.
3.2. Principal S1-bundles over flag manifolds. As we have seen previously, given a complex manifold X and
a line bundle L→ X with Hermitian structure H, we can define a circle bundle by taking the sphere bundle
Q(L) =
{
u ∈ L
∣∣∣ √H(u,u) = 1}.
The action ofU(1) onQ(L) is defined by u·θ = ue2πθ
√
−1, ∀θ ∈ U(1) and ∀u ∈ Q(L). Furthermore, a straightforward
computation shows that L = Q(L) ×U(1) C. Conversely, given a circle bundle U(1) →֒ Q → X, we can construct a
line bundle L(Q)→ X as an associated bundle such that
L(Q) = Q×U(1) C,
where the twisted product is taken with respect to the action
θ · (u, z) = (u · θ, e−2πθ
√
−1z),
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∀θ ∈ U(1) and ∀(u, z) ∈ Q× C. If we denote the set of all isomorphism classes of circle bundles over X by
P(X,U(1)),
the previous idea provides the correspondences:
Pic∞(X)→ P(X,U(1)), L 7→ Q(L) and P(X, U(1))→ Pic∞(X), Q 7→ L(Q),
where Pic∞(X) denotes the smooth Picard group of X, i.e., the set of isomorphism classes of complex vector bundles
of rank 1. Furthermore, we have
L(Q(L)) = L, [u, ξ] 7→ ξu and Q(L(Q)) = Q, u 7→ [u, 1].
It will be important in this work to consider the following well-known results for which the details about the
proofs can be found in [40], [6, Theorem 2.1].
Theorem 3.14. The set P(X,U(1)) of isomorphism classes of all principal circle bundles over X forms an additive
group. The identity element is given by the trivial bundle.
Remark 3.15. From the previous comments, it will be suitable to consider the following characterization for the
group structure of P(X,U(1))
Q1 +Q2 = Q(L(Q1)⊗ L(Q2)),
for Q1,Q2 ∈ P(X,U(1)).
Given Q ∈ P(X,U(1)), we can consider its associated homotopy exact sequence:
· · · π2(Q) π2(X) π1(U(1)) · · · ,
∆Q
notice that, since π1(U(1)) ∼= Z, it follows that ∆Q ∈ Hom(π2(X),Z). From this, we have the following result.
Theorem 3.16. Let h : π2(X) → H2(X,Z) be the natural homomorphism and ℓ an integer given by ∆Qc = ℓb0,
where b0 is the generator of π1(U(1)) and ∆Q is the boundary operator of the exact homotopy sequence of a bundle
Q ∈ P(X,U(1)). Then, 〈
e(Q),h(c)
〉
=
∫
h(c)
e(Q) = ℓ,
where e(Q) denotes the Euler class of Q ∈ P(X,U(1)).
For our purpose it will be important to consider the following corollary.
Corollary 3.17. If X is simply connected, then P(X, U(1)) is isomorphic to Hom(π2(X),Z). The isomorphism is
given by Q 7→ ∆Q, where ∆Q is the boundary operator of the exact homotopy sequence of a bundle Q ∈ P(X,U(1)).
Now, let X be a complex manifold. From Hurewicz’s theorem, if X is simply connected it follows that h : π2(X)→
H2(X,Z) is an isomorphism, thus we obtain
P(X, U(1)) ∼= H2(X,Z) ∼= Pic
∞(X), (3.20)
where the first isomorphism is given by ∆Q 7→ e(Q), ∀Q ∈ P(X,U(1)), and the second isomorphism follows from
the exponential exact sequence of sheaves
0 Z C C× 0,
2π
√
−1 exp
notice that Pic∞(X) ∼= H1(X,C×), see for instance [12, Chapter 2].
The isomorphism 3.20 allows us to see that, when X is simply connected, we have
e(Q) = c1(L(Q)) and c1(L) = e(Q(L)),
∀Q ∈ P(X,U(1)), ∀L ∈ Pic∞(X).
Remark 3.18. It is worth pointing out that, in the setting above, if X is not simply connected we can also obtain
the isomorphism 3.20. Actually, if we consider the natural exact sequence of sheaves
0 Z
√
−1R S1 0,
2π
√
−1 exp
the result follows from the associated cohomology sequence
· · · H1(X,√−1R) H1(X, S1) H2(X,Z) H2(X,√−1R) · · ·
Notice that P(X,U(1)) ∼= H1(X, S1), see for instance [6, Chapter 2, page 18].
Therefore, from Proposition 3.5 and the last comments we have the following result.
Theorem 3.19 ( Kobayashi, [40]). Let XP be a complex flag manifold defined by a parabolic Lie subgroup P =
PΘ ⊂ GC. Then, we have
P(XP, U(1)) =
⊕
α∈Σ\Θ
Ze(Q(Lχωα )).
Remark 3.20. It is worthwhile to point out that this last result which we presented above is stated slightly
different in [40]. We proceed in this way because our approach is concerned to describe connections and curvature
of line bundles and principal circle bundles, thus we use characteristic classes to describe P(XP, U(1)).
Remark 3.21. Notice that, particularly, we have P(XP, U(1)) ∼= Pic(XP).
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In what follows we shall use the following notation:
Q(µ) := Q(Lχµ), (3.21)
for every µ ∈ Λ∗
Z>0
. We also will denote by πQ(µ) : Q(µ)→ XP the associated projection map.
Our next task will be to compute e(Q(ωα)) ∈ H2(XP,Z), ∀α ∈ Σ\Θ. In order to do this, it will be important to
consider Proposition 3.4 and the fact that e(Q(ωα)) = c1(Lχωα ), ∀α ∈ Σ\Θ.
Consider an open cover XP =
⋃
i∈IUi which trivializes both P →֒ GC → XP and Lχωα → XP, such that α ∈ Σ\Θ,
and take a collection of local sections (si)i∈I, such that si : Ui ⊂ XP → GC. As we have seen, associated to this
data we can define qi : Ui → R+ by setting
qi = e
−2πϕωα ◦si =
1
||siv+ωα ||
2
,
and from these functions we obtain a Hermitian structure H on Lχωα by taking on each trivialization fi : Lχωα →
Ui × C a Hermitian metric defined by
H((x, v), (x,w)) = qi(x)vw,
for (x, v), (x,w) ∈ Lχωα |Ui ∼= Ui × C. Hence, for the pair (Lχωα ,H) we have the associated principal circle bundle
Q(ωα) =
{
u ∈ Lχωα
∣∣∣ √H(u,u) = 1}.
In terms of cocycles the principal circle bundle Q(ωα) is determined by
tij : Ui ∩Uj → U(1), tij = gij||gij|| ,
where gij = χ
−1
ωα
◦ ψij, see the proof of Proposition 3.4. Therefore, if we take a local chart hi : π−1Q(ωα)(Ui) ⊂
Q(ωα)→ Ui ×U(1), on the transition Ui ∩Uj 6= ∅ we obtain
(hi ◦ h−1j )(x,aj) = (x,ajtij(x)) = (x,ai), (3.22)
thus we have ai = ajtij, on Ui ∩Uj 6= ∅. If we set
Ai = −
1
2
(
∂ − ∂
)
log ||siv
+
ωα
||2, (3.23)
∀i ∈ I, we obtain the following result:
Proposition 3.22. The collection of local u(1)-valued 1-forms defined by
η ′i = π
∗
Q(ωα)
Ai +
dai
ai
, (3.24)
where
Ai = −
1
2
(
∂ − ∂
)
log ||siv
+
ωα
||2,
∀i ∈ I, provides a connection η ′α on Q(ωα) which satisfies η ′α = η ′i on Q(ωα)|Ui , and√
−1
2π
dη ′α = π
∗
Q(ωα)
Ωα. (3.25)
Remark 3.23. In what follows we will denote by A = (Ai)i∈I the collection of (gauge) potentials obtained by the
result above. We also will denote by dA ∈ Ω1,1(XP) the globally defined (1, 1)-form associated to A.
The description provided by Proposition 3.22 will be fundamental for our next step to describe the contact
structure of homogeneous contact manifolds.
3.3. Examples. Let us illustrate the previous results, especially Proposition 3.22, by means of basic examples.
Example 3.24 (Hopf bundle). Consider GC = SL(2,C) and P = B ⊂ SL(2,C) as in Example 3.10. As we have
seen, in this case we have
XB = CP
1, and P(CP1,U(1)) = Ze(Q(ωα)),
where Q(ωα) = Q(O(1)). Since K
⊗ 12
CP1
= O(−1), it follows that Q(−ωα) = S
3. By considering the opposite big cell
U = N−x0 ⊂ XB and the local section sU : U ⊂ CP1 → SL(2,C) defined by sU(nx0) = n, ∀n ∈ N−, we obtain from
Proposition 3.22 the following local expression
AU =
1
2
(
∂− ∂
)
log ||sUvω+α ||
2,
on the opposite big cell U ⊂ CP1. Thus, we have
AU =
1
2
(
∂− ∂
)
log
(∣∣∣∣∣∣ (1 0
z 1
)
e1
∣∣∣∣∣∣2) = −1
2
zdz− zdz
(1+ |z|2)
.
Hence, we have a principal U(1)-connection on Q(−ωα) = S
3 (locally) defined by
η ′α = −
1
2
zdz− zdz
(1+ |z|2)
+
daU
aU
.
Therefore, we have
e(S3) =
[√
−1
2π
dA
]
∈ H2(CP1,Z).
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It is worth mentioning that from the ideas above, given Q ∈ P(CP1, U(1)), it follows that Q = Q(−ℓωα), for some
ℓ ∈ Z, thus we have
Q = S3/Zℓ and e(Q) =
[
ℓ
√
−1
2π
dA
]
∈ H2(CP1,Z).
Thus, we obtain the Euler class of the principal circle bundle defined by Q(−ℓωα) = S
3/Zℓ (Lens space).
Example 3.25 (Complex Hopf fibrations). The previous example can be easily generalized. Let us briefly describe
how it can be done.
Consider the basic data as in Example 3.11, namely, the complex simple Lie group GC = SL(n + 1,C) and the
parabolic Lie subgroup P = PΣ\{α1}. As we have seen, in this case we have
XPΣ\{α1}
= CPn and P(CPn, U(1)) = Ze(Q(ωα1)),
where Q(ωα1) = Q(O(1)). Since K
⊗ 1n+1
CPn = O(−1), it follows that Q(−ωα1) = S
2n+1. From Proposition 3.22 and a
similar computation as in the previous example, we have
AU =
1
2
(
∂− ∂
)
log
(
1+
n∑
l=1
|zl|
2
)
,
on the opposite big cell U ⊂ CPn. Hence, we have a principal U(1)-connection on Q(−ωα1) = S2n+1 (locally)
defined by
η ′α1 = −
1
2
n∑
l=1
zldzl − zldzl(
1+
∑n
l=1 |zl|
2
) + daU
aU
.
Therefore, we obtain
e(S2n+1) =
[√
−1
2π
dA
]
∈ H2(CPn,Z).
It is worth pointing out that, given Q ∈ P(CPn, U(1)), it follows that Q = Q(−ℓωα1), for some ℓ ∈ Z, thus we
have
Q = S2n+1/Zℓ and e(Q) =
[
ℓ
√
−1
2π
dA
]
∈ H2(CPn,Z).
Hence, we obtain the Euler class of the principal circle bundle defined by the Lens space Q(−ℓωα1) = S
2n+1/Zℓ.
Example 3.26 (Stiefel manifold). Now, consider GC = SL(4,C), and P = PΣ\{α2} as in Example 3.12. In this case
we have
XPΣ\{α2}
= Gr(2,C4), and P(Gr(2,C4), U(1)) = Ze(Q(ωα2 )),
where Q(ωα2) = Q(Oα2 (1)). Since K
⊗ 14
Gr(2,C4)
= Oα2 (−1), it follows thatQ(−ωα2) = V2(R
6) (Stiefel manifold). From
Proposition 3.22 and the computations of Example 3.12 we obtain
AU =
1
2
(
∂− ∂
)
log
(
1+
4∑
k=1
|zk|
2 +
∣∣∣∣det(z1 z3z2 z4
) ∣∣∣∣2),
on the opposite big cell U ⊂ Gr(2,C4). Hence, we have a principal U(1)-connection on Q(−ωα2) = V2(R6) (locally)
defined by
η ′α2 =
1
2
(
∂ − ∂
)
log
(
1+
4∑
k=1
|zk|
2 +
∣∣∣∣ det(z1 z3z2 z4
) ∣∣∣∣2) + daUaU .
Thus, we obtain
e(V2(R
6)) =
[√
−1
2π
dA
]
∈ H2(Gr(2,C4),Z).
Notice that, given Q ∈ P(Gr(2,C4), U(1)), it follows that Q = Q(−ℓωα2), for some ℓ ∈ Z. Therefore, we have
Q = V2(R
6)/Zℓ and e(Q) =
[
ℓ
√
−1
2π
dA
]
∈ H2(Gr(2,C4),Z).
Hence, we obtain the Euler class of the principal circle bundle defined by Q(−ℓωα) = V2(R
6)/Zℓ.
Let us explain how the examples above fit inside of a more general setting. Let GC be a complex simply
connected simple Lie group, and consider P ⊂ GC as being a parabolic Lie subgroup. If we suppose that P = PΣ\{α},
i.e., P is a maximal parabolic Lie subgroup, then we have
P(XPΣ\{α} , U(1)) = Ze(Q(ωα)).
In order to simplify the notation, let us denote PΣ\{α} by Pωα . A straightforward computation shows that
I(XPωα ) = 〈δPωα ,h∨α 〉, and K
⊗ 1
〈δPωα
,h∨α 〉
XPωα
= L−1χωα , (3.26)
thus we have
Q(K
⊗ 1
〈δPωα
,h∨α 〉
XPωα
) = Q(−ωα). (3.27)
Now, consider the following definition.
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Definition 3.27 ([31], [5]). A fundamental weight ωα is called minuscule if it satisfies the condition
〈ωα,h∨β 〉 ∈ {0, 1}, ∀β ∈ Π+.
A flag manifold XPωα associated to a maximal parabolic Lie subgroup Pωα is called minuscule flag manifold if
ωα is a minuscule weight.
Remark 3.28. The flag manifolds of the previous examples are particular cases of flag manifolds defined by
maximal parabolic Lie subgroups.
4. BASIC MODEL AND PROOF OF THE MAIN RESULTS
In this section we shall prove Theorem 1 and Theorem 2. In order to do so, we employ the results developed in
the previous sections.
4.1. Basic model. As mentioned above, in this section we will prove some of the main results of this work. In
order to motivate the ideas involved in our proofs, let us start by recalling some basic facts.
As we have seen, given a compact homogeneous contact manifold (M,η,G), we have that M = Q(L), for some
ample line bundle L−1 ∈ Pic(XP), see Theorem 2.12. Further, under the assumption that c1(L−1) defines a Ka¨hler-
Einstein metric on XP = G
C/P, we have
L = K
⊗ ℓ
I(XP)
XP
.
The examples of compact homogeneous contact manifolds associated to flag manifolds defined by maximal
parabolic Lie subgroups will be useful for us in the next subsections. In what follows we will further explore
these particular examples. As we have seen, from 3.27, if P = Pωα it follows that
M = Q(−ℓωα) = Q(−ωα)/Zℓ,
for some ℓ ∈ Z>0. Hence, from Proposition 3.22 we have a connection η ′α defined on Q(−ℓωα) by
η ′α =
ℓ
2
(
∂− ∂
)
log ||siv
+
ωα
||2 +
dai
ai
.
Thus, a contact structure onM = Q(−ℓωα) is obtained from η = −
√
−1η ′α. If we consider ai = e
√
−1θi , where θi is
real, and is defined up to an integral multiple of 2π, we have that
η = −
ℓ
√
−1
2
(
∂− ∂
)
log ||siv
+
ωα
||2 + dθi,
it is not difficult to check that dη = 2πℓπ∗Ωα.
This particular case turns out to be the basic model for all the cases which we have described in the examples
of the previous sections. As we will see, the ideas developed above are essentially the model for the general case
of circle bundles over complex flag manifolds. In the next sections we will come back to this basic example in
order to illustrate some constructions.
4.2. Proof of main results. In order to prove our main result we start with a fundamental theorem which
gathers together some important features of circle bundles over complex flag manifolds.
Theorem 4.1. Let XP = G
C/P be a complex flag manifold associated to some parabolic Lie subgroup P = PΘ of a
complex simple Lie group GC. Then, given a principal S1-bundle Q ∈ P(XP, U(1)), we have that
(1) Q =
∑
α∈Σ\Θ
Q(ℓαωα), such that ℓα ∈ Z, ∀α ∈ Σ\Θ.
(2) The manifold defined by the total space Q admits a normal almost contact structure (φ, ξ = ∂
∂θ
, η), such
that
η =
√
−1
2
(
∂ − ∂
)
log
( ∏
α∈Σ\Θ
||sUv
+
ωα
||2ℓα
)
+ dθU, (4.1)
where sU : U ⊂ XP → GC is a local section, and v+ωα is the highest weight vector with weight ωα associated
to the fundamental irreducible gC-module V(ωα), ∀α ∈ Σ\Θ. Moreover, φ ∈ End(TQ) is completely deter-
mined by the horizontal lift of
√
−1η and the canonical invariant complex structure J0 of XP. Furthermore,
it satisfies π∗ ◦ φ = J0 ◦ π∗.
(3) We have a Riemannian metric gQ on Q such that
gQ = π
∗(ωXP(id⊗ J0))+ η⊗ η, and LξgQ = 0, (4.2)
where ωXP is an invariant Ka¨hler form on XP.
Proof. The proof for each fact above goes as follows. From Theorem 3.19, up to isomorphism, we can write Q
Q =
∑
α∈Σ\Θ
Q(ℓαωα),
such that ℓα ∈ Z, ∀α ∈ Σ\Θ. Thus, we have item (1). Now, we can apply Proposition 3.22 and obtain a connection
on Q given by
ηQ =
∑
α∈Σ\Θ
{
−
ℓα
2
(
∂− ∂
)
log
(
||sUv
+
ωα
||2
)
+
daαU
aαU
}
,
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note that e(Q) =
∑
ℓα
[
Ωα
]
. By rearranging the expression above, we have
ηQ = −
1
2
(
∂− ∂
)
log
( ∏
α∈Σ\Θ
||sUv
+
ωα
||2ℓα
)
+
√
−1dθU.
Hence, from η = −
√
−1ηQ we obtain the expression in Equation 4.1. Since
dη = −
∑
α∈Σ\Θ
2πℓαπ
∗Ωα,
it follows from 3.3 that dη is the pullback of a (1, 1)-form on XP. Therefore, from Theorem 2.6 and Theorem 2.5
we obtain item (2) and item (3). 
Remark 4.2. Notice that Theorem 4.1 provides a concrete generalization for the result introduced in [52] which
states that every compact simply connected homogeneous contact manifold admits a normal almost contact struc-
ture. Moreover, we have that Theorem 4.1 provides a classification for such structures. In fact, by considering
the left action of the compact real form G ⊂ GC on XP, it follows that
H•G(XP,R) ∼= H
•
DR(XP,R),
see for instance [20, Theorem 1.28]. Therefore, given Q ∈ P(XP, U(1)), and a connection 1-form
√
−1η0 ∈
Ω1(Q,
√
−1R), we can suppose that dη0 = π
∗ω0, such that ω0 ∈ Ω2(XP)G. It follows from the uniqueness of
ω0 as G-invariant representative that
η0 = η + π
∗λ,
where η ∈ Ω1(Q) is given by 4.1, and λ ∈ Ω1(XP) satisfies dλ = 0. Since π1(XP) = {0}, it follows that λ = df, for
some f ∈ C∞(XP). From this, we obtain a gauge transformation
gf : Q→ Q, u 7→ u · e
√
−1f(π(u)),
which satisfies
√
−1η0 = g
∗
f(
√
−1η). Thus, up to gauge transformations, the normal almost contact strucrures
provided by Theorem 4.1 are unique in the homogeneous setting.
Now, by following [52], [46], and by using Theorem 4.1, we can prove the following theorem.
Theorem 4.3. Let XPi be a complex flag manifold associated to some parabolic Lie subgroup Pi ⊂ GCi , such that
i = 1, 2. Then, given principal S1-bundles Q1 ∈ P(XP1 ,U(1)) and Q2 ∈ P(XP2 , U(1)), we have the following
results:
(1) There exists a 1-parametric family of complex structures Jτ ∈ End(T(Q1 ×Q2)) determined by J1⊕ J2, and
by a complex valued 1-form Ψτ ∈ Ω1(Q1 ×Q2)⊗ C, which satisfies Jτ(Ψτ) =
√
−1Ψτ, defined by
Ψτ =
√
−1
2Im(τ)
{
τ
[
dc log
(
1∏
α∈Σ1\Θ1
||sU1v
+
ωα
||ℓα
)
+ dθU1
]
+ dc log
(
1∏
β∈Σ2\Θ2
||sU2w
+
ωβ
||ℓβ
)
+ dθU2
}
,
for some local section sUi : Ui ⊂ XPi → GCi , i = 1, 2, such that τ ∈ C\R.
(2) Particularly, if τ =
√
−1, we have Morimoto’s complex structure J√−1 ∈ End(T(Q1 ×Q2)), i.e.,
J√−1(X,Y) =
(
φ1(X) − η2(Y)ξ1,φ2(Y) + η1(X)ξ2
)
, (4.3)
for all (X, Y) ∈ T(Q1 × Q2), where (φi,ξi, ηi) is a normal almost contact structure on Qi, i = 1, 2, as in
Theorem 4.1. Moreover, by considering the Riemannian metric gQ1 × gQ2 , with gQi as in Theorem 4.1, we
obtain a Hermitian non-Ka¨hler structure (J√−1,gQ1 × gQ2 ) on Q1 ×Q2, with fundamental form Ω given
by
Ω = π∗1ωXP1 + π
∗
2ωXP2 + η1 ∧ η2, (4.4)
where πi : Qi → XPi , and ωXPi is an invariant Ka¨hler metric on XPi , i = 1, 2. Furthermore, regarding the
complex structure J√−1 ∈ End(T(Q1 ×Q2)) described above, we have that the natural projection map
π1 × π2 : (Q1 ×Q2, J√−1)→ (XP1 × XP2 , J1 × J2),
is holomorphic, where Ji is the canonical invariant complex structure on XPi induced from G
C
i , for i = 1, 2.
Proof. The proof follows from an application of some results which we have described previously. We first note
that, for each Qi ∈ P(XPi , U(1)), by applying the previous Theorem 4.1, we can assign a normal almost contact
structure (φi, ξi, ηi), i = 1, 2. From these normal almost contact structures we obtain CR-structures which in
turn are normal almost contact structures (Ti,Di, ηi), i = 1, 2, in the sense of Definition 2.21.
Now, by applying Proposition 2.23, we obtain a 1-parametric family of complex structures Jτ ∈ End(T(Q1×Q2)),
τ ∈ C\R, defined from extensions of J1 ⊕ J2, which satisfy
Jτ(Ψτ) =
√
−1Ψτ, (4.5)
where Ψτ ∈ Ω1(Q1 ×Q2)⊗ C is given by
Ψτ =
√
−1
2Im(τ)
(
τη1 + η2
)
, (4.6)
see Remark 2.24 for more details about the comments above.
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From Theorem 4.3 we can describe explicitly Ψτ. In fact, if we denote d
c :=
√
−1(∂− ∂), we get from item (2) of
Theorem 4.1 that
η1 = d
c log
(
1∏
α∈Σ1\Θ1
||sU1v
+
ωα
||ℓα
)
+ dθU1 , and η2 = d
c log
(
1∏
β∈Σ2\Θ2
||sU2w
+
ωβ
||ℓβ
)
+ dθU2 ,
for some local section sUi : Ui ⊂ XPi → GCi , i = 1, 2, here we denote, respectively, by v+ωα , α ∈ Σ1, andw+ωβ , β ∈ Σ2,
the highest-weight vectors associated to the fundamental irreducible representations of GC1 and G
C
2 . From this,
we conclude the proof of item (1).
For item (2), it is straightforward to verify that, if τ =
√
−1, then
J√−1(X, Y) =
(
φJ1 (X) − η2(Y)T1,φJ2(Y) + η1(X)T2
)
,
for all (X, Y) ∈ T(Q1 × Q2), where (φi, ξi = Ti, ηi) is a normal almost contact structure on Qi, i = 1, 2, see for
instance Remark 2.25. Now, from item (3) of Theorem 4.1, we have
gQi = π
∗
i
(
ωXPi
(id⊗ Ji)
)
+ ηi ⊗ ηi,
where (ωXPi
, Ji) is the invariant Ka¨hler structure on XPi , i = 1, 2, see Equation 3.18. Therefore, by setting
g((X, Y), (Z,W)) = gQ1 (X,Z) + gQ2 (Y,W),
we obtain a Hermitian metric on Q1 ×Q2. It is straightforward to verify that Ω = g(J⊗ id) is given by
Ω = π∗1ωXP1 + π
∗
2ωXP2 + η1 ∧ η2.
Moreover, since dωXPi
= 0, we have dΩ = dη1 ∧ η2 − η1 ∧ dη2, which means that Ω is not closed. Thus,
(Q1 × Q2,Ω, J) defines a Hermitian manifold which is non-Ka¨hler. Now, since from item (2) of Theorem 4.1 we
have (πi)∗ ◦ φi = Ji ◦ (πi)∗, a straightforward computation shows that
(π1 × π2)∗ ◦ J = (J1 × J2) ◦ (π1 × π2)∗.
Thus, we have the desired result. 
Remark 4.4. Notice that in the setting above we have a natural induced principal T2-bundle
T2 →֒ Q1 ×Q2 → XP1 × XP2 ,
such that the action of T2 = U(1)×U(1) is the diagonal action on the product Q1 ×Q2.
Remark 4.5. As in Subsection 2.3, consider the following principal U(1)-bundles
U(1) →֒ Q(K
⊗ ℓ1
I(XP1
)
XP1
)→ XP1 , and U(1) →֒ Q(K
⊗ ℓ2
I(XP2
)
XP2
)→ XP2 ,
such that ℓ1, ℓ2 ∈ Z>0. A direct application of Theorem 4.3 provides that any product of Homogeneous contact
manifolds as above can be endowed with a Hermitian non-Ka¨hler structure. Moreover, since this last ideas also
can be applied to any product of circle bundles associated to ample line bundles over flagmanifolds, we recover the
result [52, p. 432] for simply connected homogeneous contact manifolds, which implies the Calabi and Eckmann
construction [14] for product of two odd-dimensional spheres.
Another important fact to notice is the following. Since H1(XP1 ,R) = {0} and c1(K
⊗ ℓ1
I(XP1
)
XP1
) ∈ H2(XP1 ,R) is
non-zero, we have that Q(K
⊗ ℓ1
I(XP1
)
XP1
) × Q(K
⊗ ℓ2
I(XP2
)
XP2
) does not admit any symplectic structure, ∀ℓ1, ℓ2 ∈ Z>0, see
[58, Theorem 2.13]. Thus, Theorem 4.1 together with Theorem 4.3 allow us to explicitly describe Hermitian
structures on a huge class of (compact) non-Ka¨hler manifolds. These manifolds provide a concrete huge family of
compact complex manifolds which are not algebraic.
4.3. Examples of Hermitian non-Ka¨hler structures. In this subsection we apply Theorem 4.1 and Theorem
4.3 in concrete cases. We start with a basic case which covers an important class of flag manifolds, namely, the
class of complex flag manifolds with Picard number one.
Example 4.6 (Basic model). The first example which we will explore are given by principal S1-bundles over flag
manifolds defined by maximal parabolic Lie subgroups.
As in Subsection 4.1, let GC be a simply connected complex Lie group with simple Lie algebra, and let XPωα be
a complex flag manifold associated to some maximal parabolic Lie subgroup Pωα ⊂ GC. Since in this case we have
P(XPωα , U(1)) = Ze(Q(ωα)), given Q ∈ P(XPωα , U(1)), it follows that Q = Q(ℓωα). Moreover, from Theorem 4.1
we have a normal almost contact structure (φ, ξ = ∂
∂θ
, η) on Q, such that
η =
ℓ
2
dc log
(
1
||sUv+ωα ||
2
)
+ dθU.
Therefore, given complex flag manifolds XP1 and XP2 , such that P1 = Pωα ⊂ GC1 and P2 = Pω˜β ⊂ GC2 , for every
pair (Q1,Q2), such that Qi ∈ P(XPi , U(1)), i = 1, 2, from Theorem 4.3 we have a 1-parametric family of complex
structures Jτ ∈ End(T(Q1 ×Q2)), τ ∈ C\R, determined by Jτ(Ψτ) =
√
−1Ψτ, such that
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Ψτ =
√
−1
2Im(τ)
(
τη1 + η2
)
.
Further, for the particular case τ =
√
−1, we have the Hermitian non-Ka¨hler structure (J√−1,Ω) on Q1×Q2, such
that
J√−1(X, Y) =
(
φ1(X) − η2(Y)ξ1,φ2(Y) + η1(X)ξ2
)
,
for all (X,Y) ∈ T(Q1 ×Q2), where (φi, ξi = ∂∂θi ,ηi), i = 1, 2, is obtained from Theorem 4.1, such that
η1 =
ℓ1
2
dc log
(
1
||sU1v
+
ωα
||2
)
+ dθU1 and η2 =
ℓ2
2
dc log
(
1
||sU2v
+
ω˜β
||2
)
+ dθU2 ,
where sUi : Ui ⊂ XPi → GCi , i = 1, 2, and the fundamental form Ω is given by
Ω =
√
−1
2π
{
∂∂ log
(
||sU1v
+
ωα
||2I(XP1 )
)
+ ∂∂ log
(
||sU2v
+
ω˜β
||2I(XP2 )
)}
+
(
ℓ1
2
dc log
(
1
||sU1v
+
ωα
||2
)
+ dθU1
)
∧
(
ℓ2
2
dc log
(
1
||sU2v
+
ω˜β
||2
)
+ dθU2
)
,
where I(XP1 ) = 〈δPωα ,h∨α 〉 and I(XP2 ) = 〈δPω˜β , h˜
∨
β 〉. Notice that in the expression above we consider the Ka¨hler
forms on XP1 and XP2 provided by the expression 3.18. Hence, from Theorem 4.3 we have a Hermitian non-Ka¨hler
structure (Ω, J√−1) onQ(ℓ1ωα)×Q(ℓ2ω˜β), ∀ℓ1, ℓ2 ∈ Z, completely determined by elements of representation theory
of GC1 and G
C
2 . Notice also that in the setting above we have a natural induced principal T
2-bundle
T2 →֒ Q1 ×Q2 → XP1 × XP2 ,
such that the action of T2 = U(1)×U(1) is the diagonal action on the product Q1 ×Q2.
In the context of flag manifolds associated to maximal parabolic Lie subgroups Pωα ⊂ GC we denote
QXPωα
(−ℓ) = Q(K
⊗ ℓ
I(XPωα
)
XPωα
),
for every ℓ ∈ Z>0. In what follows, we provide some concrete application for the construction presented in
Example 4.6.
Example 4.7 (Herminitan structure on V2(R
6) × S3). In order to describe the associated 1-parametric family of
complex structures and the Hermitian non-Ka¨hler structure on V2(R
6)× S3, provided by Theorem 4.3, we notice
that from Theorem 4.1 we have contact structures associated to
U(1) →֒ V2(R6)→ Gr(2,C4) and U(1) →֒ S3 → CP1,
respectively, given by
η1 =
1
2
dc log
(
1+
4∑
k=1
|zk|
2 +
∣∣∣∣det(z1 z3z2 z4
) ∣∣∣∣2)+ dθU1 , and η2 = zdz− zdz2√−1(1+ |z|2) + dθU2 ,
note that QGr(2,C4)(−1) = V2(R
6), and QCP1(−1) = S
3. Therefore, from the normal almost contact structures
(φi, ξi =
∂
∂θi
, ηi), i = 1, 2, by means of Theorem 4.3 we can equip V2(R
6) × S3 with a 1-parametric family of
complex structures Jτ ∈ End(T(V2(R6)× S3)), τ ∈ C\R, determined by Jτ(Ψτ) =
√
−1Ψτ, such that
Ψτ =
√
−1
2Im(τ)
{
τ
[
1
2
dc log
(
1+
4∑
k=1
|zk|
2 +
∣∣∣∣det(z1 z3z2 z4
) ∣∣∣∣2) + dθU1
]
+
zdz− zdz
2
√
−1(1+ |z|2)
+ dθU2
}
.
Moreover, for the particular case τ =
√
−1, we have a Hermitian non-Ka¨hler structure (J√−1,Ω), such that
J√−1(X, Y) =
(
φ1(X) − η2(Y)ξ1,φ2(Y) + η1(X)ξ2
)
,
for all (X,Y) ∈ T(V2(R6)× S3), and
Ω =
√
−1
π
{
2∂∂ log
(
1+
4∑
k=1
|zk|
2 +
∣∣∣∣det(z1 z3z2 z4
) ∣∣∣∣2)+ dz∧ dz(1+ |z|2)2
}
+
(
1
2
dc log
(
1+
4∑
k=1
|zk|
2 +
∣∣∣∣det(z1 z3z2 z4
) ∣∣∣∣2) + dθU1
)
∧
(
zdz− zdz
2
√
−1(1+ |z|2)
+ dθU2
)
.
Hence, we have a compact simply connected Hermitian non-Ka¨hler manifold defined by (V2(R
6)× S3,Ω, J√−1).
The ideas above can be naturally used to describe 1-parametric families of complex structures and Hermitian
non-Ka¨hler structures also on
S3 × S3, S3 × RP3, V2(R6)× V2(R6), V2(R6)× RP3 and RP3 × RP3,
recall that RP3 = S3/Z2, see Example 3.24.
Example 4.8. The example above can be naturally generalized to principal U(1)-bundles of the form
U(1) →֒ QGr(k,Cn+1)(−ℓ)→ Gr(k,Cn+1).
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In fact, consider GC = SL(n + 1,C), by fixing the Cartan subalgebra h ⊂ sl(n + 1,C) given by diagonal matrices
whose the trace is equal to zero, as in Example 3.11 we have the set of simple roots given by
Σ =
{
αl = ǫl − ǫl+1
∣∣∣ l = 1, . . . ,n},
here ǫl : diag{a1, . . . ,an+1} 7→ al, ∀l = 1, . . . ,n + 1. In this case we consider Θ = Σ\{αk} and P = Pωαk , thus we
obtain
SL(n+ 1,C)/Pωαk = Gr(k,C
n+1).
A straightforward computation shows that I(Gr(k,Cn+1)) = n + 1, and P(Gr(k,Cn+1), U(1)) = Ze(Q(ωαk)).
Hence, from Example 4.6, it follows that
QGr(k,Cn+1)(−1) = Q(−ωαk).
Now, since V(ωαk) =
∧k
(Cn+1) and v+ωαk
= e1∧. . .∧ek, by taking the coordinate neighborhoodU = Ru(Pωαk )
−x0 ⊂
Gr(k,Cn+1), such that
Z ∈ C(n+1−k)k 7→ n(Z)x0 =
(
1k 0k,n+1−k
Z 1n+1−k
)
x0,
here we have identifiedC(n+1−k)k ∼= Mn+1−k,k(C), we can take the local section sU : U ⊂ Gr(k,Cn+1)→ SL(n+1,C)
defined by
sU(n(Z)x0) = n(Z) =
(
1k 0k,n+1−k
Z 1n+1−k
)
.
From this, we obtain the gauge potential
AU = (n + 1)∂ log
(∑
I
∣∣∣∣detI ( 1kZ
) ∣∣∣∣2
)
,
where the sum above is taken over all k × k submatrices whose the lines are labeled by I = {i1 < . . . < ik} ⊂
{1, . . . ,n + 1}, here we consider the canonical basis for
∧k
(Cn+1) in the computations. From the potential above,
we obtain the Ka¨hler form on Gr(k,Cn+1) given by
ωGr(k,Cn+1) =
(n+ 1)
2π
√
−1
∂∂ log
(∑
I
∣∣∣∣detI( 1kZ
) ∣∣∣∣2
)
.
Now, from Theorem 4.1, we have an almost contact structure (φ, ξ = ∂
∂θ
, η) on QGr(k,Cn+1)(−ℓ) = Q(−ℓωαk) , such
that
η =
ℓ
2
dc log
(∑
I
∣∣∣∣detI
(
1k
Z
) ∣∣∣∣2
)
+ dθU.
From the ideas above and Theorem 4.3, given Gr(k,Cn+1) and Gr(r,Cm+1), we can equip the product
QGr(k,Cn+1)(−ℓ1)× QGr(r,Cm+1)(−ℓ2),
with a 1-parametric family of complex structures Jτ ∈ End(T(QGr(k,Cn+1)(−ℓ1) × QGr(r,Cm+1)(−ℓ2))), τ ∈ C\R,
determined by Jτ(Ψτ) =
√
−1Ψτ, such that
Ψτ =
√
−1
2Im(τ)
{
τ
[
ℓ1
2
dc log
(∑
I1
∣∣∣∣detI1
(
1k
Z1
) ∣∣∣∣2
)
+ dθU1
]
+
ℓ2
2
dc log
(∑
I2
∣∣∣∣ detI2
(
1r
Z2
) ∣∣∣∣2
)
+ dθU2
}
.
Moreover, for the particular case τ =
√
−1, we have the Hermitian non-Ka¨hler structure (J√−1,Ω) on QGr(k,Cn+1)(−ℓ1)×
QGr(r,Cm+1)(−ℓ2), such that
J√−1(X, Y) =
(
φ1(X) − η2(Y)ξ1,φ2(Y) + η1(X)ξ2
)
,
for all (X,Y) ∈ T(QGr(k,Cn+1)(−ℓ1)× QGr(r,Cm+1)(−ℓ2)), and
Ω =
√
−1
2π
{
(n+ 1)∂∂ log
(∑
I1
∣∣∣∣ detI1
(
1k
Z1
) ∣∣∣∣2
)
+ (m+ 1)∂∂ log
(∑
I2
∣∣∣∣detI2
(
1r
Z2
) ∣∣∣∣2
)}
+
[
ℓ1
2
dc log
(∑
I1
∣∣∣∣detI1
(
1k
Z1
) ∣∣∣∣2
)
+ dθU1
]
∧
[
ℓ2
2
dc log
(∑
I2
∣∣∣∣detI2
(
1r
Z2
) ∣∣∣∣2
)
+ dθU2
]
.
Thus, we have a compact Hermitian non-Ka¨hler manifold defined by
(QGr(k,Cn+1)(−ℓ1)× QGr(r,Cm+1)(−ℓ2),Ω, J√−1),
∀ℓ1, ℓ2 ∈ Z. It is strightforward to check that as a particular case of the construction above we obtain a 1-
parametric family of complex structures and a Hermitian non-Ka¨hler structure on the product of Lens spaces
S1 × S1 →֒ L(n,ℓ1) × L(m,ℓ2) → CPn × CPm,
where L(n,ℓ1) = S
2n+1/Zℓ1 , and L(m,ℓ2) = S
2m+1/Zℓ2 . Moreover, particularly, we also have a 1-parametric family
of complex structures and a Hermitian non-Ka¨hler structure on the product of odd-dimensional spheres S2n+1 ×
S2m+1.
Now, we will illustrate how our approach can be used in the setting of maximal flag manifolds.
Example 4.9. Consider GC = SL(3,C), and P∅ = B ⊂ SL(3,C) (Borel subgroup). In this case we have the Wallach
flag manifold given by the quotient space
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W6 = SL(3,C)/B = SU(3)/T
2.
Since the simple root system in this case is given by Σ = {α1,α2}, it follows that
Π+ =
{
α1,α2,α1 + α2
}
.
Thus, we obtain δB = 2α1 + 2α2. A straightforward computation shows that δB = 2ωα1 + 2ωα2 , and I(W6) = 2.
Moreover, we have the following characterization
P(W6,U(1)) = Ze(Q(ωα1))⊕ Ze(Q(ωα2 )).
Hence, we have QW6(−1) = Q(K
⊗ 1
I(W6)
W6
), such that
QW6(−1) = Q(−ωα1) +Q(−ωα2) = SU(3)/U(1) = X1,1,
notice that the manifold X1,1 is an example of Aloff-Wallach space [3].
In order to compute the contact structure for X1,1 as in Theorem 4.1, we notice that
V(ωα1 ) = C
3 and V(ωα2) =
∧2
(C3),
where v+ωα1
= e1, and v
+
ωα2
= e1 ∧ e2. From this, we consider the opposite big cell U1 = Ru(B)
−x0 ⊂W6, such that
U1 =
{ 1 0 0w1 1 0
w2 w3 1
 x0
∣∣∣∣∣ w1,w2,w3 ∈ C
}
.
By taking the local section sU1 : U1 ⊂ W6 → SL(3,C), such that sU1(nx0) = n, a straightforward computation
shows that the contact form on X1,1 provided by Theorem 4.1 is given by
η1 =
1
2
dc log
[(
1+
2∑
i=1
|wi|
2
)(
1+ |w3|
2 +
∣∣∣∣ det(w1 1w2 w3
) ∣∣∣∣2)
]
+ dθU1 ,
here we consider the canonical basis for C3 and
∧2
(C3). Therefore, we have a normal almost contact structure
(φ1, ξ1 =
∂
∂θ1
, η1) on X1,1.
We notice that from 3.18 we have a SU(3)-invariant Ka¨hler-Einstein metric onW6 given by
ωW6 =
√
−1
π
∂∂ log
[(
1+
2∑
i=1
|wi|
2
)(
1+ |w3|
2 +
∣∣∣∣det(w1 1w2 w3
) ∣∣∣∣2)
]
,
so it follows that dη1
π
= ωW6 .
Now, we can combine the construction above with the previous constructions. Actually, consider
U(1) →֒ V2(R6)→ Gr(2,C4), and U(1) →֒ S3 → CP1,
and the contact structures given, respectively, by
(1) η2 =
1
2
dc log
(
1+
4∑
k=1
|zk|
2 +
∣∣∣∣det(z1 z3z2 z4
) ∣∣∣∣2)+ dθU2 ,
(2) η3 =
zdz− zdz
2
√
−1(1+ |z|2)
+ dθU3 ,
recall that QGr(2,C4)(−1) = V2(R
6), and QCP1(−1) = S
3. If we consider the normal almost contact structures
(φi, ξi =
∂
∂θi
,ηi), i = 1, 2, 3, obtained from Theorem 4.1 on the manifolds described above, we can apply Theorem
4.3 and obtain a 1-parametric family of complex structures and Hermitian non-Ka¨hler structures on the total
space of the principal T2-bundles
T2 →֒ X1,1 × V2(R6)→W6 ×Gr(2,C4), and T2 →֒ X1,1 × S3 →W6 × CP1.
In the first case, we have Jτ ∈ End(T(X1,1 × V2(R6))), τ ∈ C\R, determined by Jτ(Ψτ) =
√
−1Ψτ, such that
Ψτ =
√
−1
2Im(τ)
{
τ
[
1
2
dc log
[(
1+
2∑
i=1
|wi|
2
)(
1+ |w3|
2 +
∣∣∣∣det(w1 1w2 w3
) ∣∣∣∣2)
]
+ dθU1
]
+
1
2
dc log
(
1+
4∑
k=1
|zk|
2 +
∣∣∣∣det(z1 z3z2 z4
) ∣∣∣∣2)+ dθU2
}
.
As before, for τ =
√
−1 we have a Hermitian non-Ka¨hler structure (X1,1 × V2(R6),Ω1, J√−1), where
J√−1(Z, Y) =
(
φ1(Z) − η2(Y)ξ1,φ2(Y) + η1(Z)ξ2
)
,
for all (Z, Y) ∈ T(X1,1 × V2(R6)), and
Ω1 = π
∗
1ωW6 + π
∗
2ωGr(2,C4) + η1 ∧ η2,
here we omitted the local expression of Ω1, since it is quite extensive. In the second case, we have Jτ ∈
End(T(X1,1 × S3)), τ ∈ C\R, determined by Jτ(Ψτ) =
√
−1Ψτ, such that
Ψτ =
√
−1
2Im(τ)
{
τ
[
1
2
dc log
[(
1+
2∑
i=1
|wi|
2
)(
1+ |w3|
2 +
∣∣∣∣ det(w1 1w2 w3
) ∣∣∣∣2)
]
+ dθU1
]
+
zdz− zdz
2
√
−1(1+ |z|2)
+ dθU3
}
.
Now, for the particular case τ =
√
−1, we have (X1,1 × S3,Ω2, J√−1), where
J√−1(Z, Y) =
(
φ1(Z) − η3(Y)ξ1,φ3(Y) + η1(Z)ξ3
)
,
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for all (Z, Y) ∈ T(X1,1 × S3), and
Ω2 =
√
−1
π
{
∂∂ log
[(
1+
2∑
i=1
|wi|
2
)(
1+ |w3|
2 +
∣∣∣∣det(w1 1w2 w3
) ∣∣∣∣2)
]
+
dz∧ dz
(1+ |z|2)2
}
+
{
1
2
dc log
[(
1+
2∑
i=1
|wi|
2
)(
1+ |w3|
2 +
∣∣∣∣ det(w1 1w2 w3
) ∣∣∣∣2)
]
+ dθU1
}
∧
(
zdz− zdz
2
√
−1(1+ |z|2)
+ dθU3
)
.
Note that the same idea explored above also can be used to obtain 1-parametric family of complex structures, and
Hermitian non-Ka¨hler structures, on X1,1 × X1,1 and RP3 × X1,1.
Our next example illustrate how our results can be applied in the setting of complex flag manifolds with Picard
number greater than one to construct examples of complex manifolds from Cartesian products of normal almost
contact manifolds which are not contact manifolds.
Example 4.10. As in the previous example, consider the Wallach flag manifold
W6 = SL(3,C)/B = SU(3)/T
2.
As we have seen, in this case we have P(W6, U(1)) = Ze(Q(ωα1 ))⊕Ze(Q(ωα2 )). Thus, we can apply Theorem 4.1
in order to obtain a normal almost contact structure (φp,q,ξp,q, ηp,q) defined on
Qp,q = Q(pωα1 ) +Q(qωα2 ),
for every p,q ∈ Z, such that
ηp,q =
√
−1
2
(
∂− ∂
)
log
[(
1+
2∑
i=1
|wi|
2
)p(
1+ |w3|
2 +
∣∣∣∣det(w1 1w2 w3
) ∣∣∣∣2)q
]
+ dθU.
Therefore, we can apply Theorem 4.3 for XPi = W6, i = 1, 2, and then we have Jτ ∈ End(T(Qp,q ×Qr,s)), τ ∈ C\R,
determined by Jτ(Ψτ) =
√
−1Ψτ, such that
Ψτ =
√
−1
2Im(τ)
(
τηp,q + ηr,s
)
.
Also, for τ =
√
−1 we have a Hermitian non-Ka¨hler structure (Ωpqrs, J√−1) on Qp,q ×Qr,s, where
J√−1(Z,Y) =
(
φp,q(Z) − ηr,s(Y)ξp,q,φr,s(Y) + ηp,q(Z)ξr,s
)
,
for all (Z, Y) ∈ T(Qp,q ×Qr,s), and
Ωpqrs = π
∗
1ωW6 + π
∗
2ωW6 + ηp,q ∧ ηr,s,
∀p,q, r, s ∈ Z. From this, we obtain examples of complex manifolds given by Cartesian products of normal almost
contact manifolds which are not contact manifolds.
TABLE 2. Table with examples which illustrate the case on which the almost contact man-
ifolds involved in the Cartesian products of normal almost contact manifolds are not contact
manifolds. We consider p,q, r, s ∈ Z to define the products.
Normal
almost contact Q(pωα1) Q(qωα2 )
manifolds
Q(rωα1) Q(rωα1)×Q(pωα1) Q(rωα1 )×Q(qωα2 )
Q(sωα2) Q(sωα2)×Q(pωα1 ) Q(sωα2 )×Q(qωα2)
5. APPLICATIONS IN HERMITIAN GEOMETRY WITH TORSION
In this section we shall explore some applications of our main results in the study of Hermitian geometry with
torsion in principal torus bundles over complex flag manifolds.
5.1. Calabi-Yau connections with torsion on Vaisman manifolds. In this subsection we further explore
some applications of our main results. The goal is to provide constructive methods to describe certain structures
associated to Hermitian manifolds defined by principal torus bundles over complex flag manifolds. We start by
recalling some basic facts related to Hermitian manifolds.
Remark 5.1. Let (M, J) be a complex manifold. In this paper we consider J(ξ) = ξ ◦ J, instead of J(ξ) = −ξ ◦ J as
in [26], ∀ξ ∈ T∗M. Therefore, we should have some change of sign in certain expressions.
Given a Hermitian manifold (M,g, J), we have an associated 2-form Ω ∈ Ω2(M), called fundamental 2-form,
such that
Ω(X, Y) = g(JX, Y),
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∀X,Y ∈ TM. From this, by considering the Levi-Civita connection∇LC associated to g, we can use the fundamental
2-form to define a 1-parametric family of connections ∇t : Γ(TM) × Γ(TM) → Γ(TM), where t is a free parameter,
such that
g(∇tX(Y),Z) = g(∇LCX (Y),Z) +
t− 1
4
(dcΩ)(X, Y,Z) +
t+ 1
4
(dcΩ)(X, JY, JZ), (5.1)
∀X,Y,Z ∈ TM, the connections∇t are called canonical connections of (M,g, J), e.g. [25]. Among these connections
we have the Chern connection ∇C = ∇1 and the Bismut connection, or KT connection, given by ∇B = ∇−1. The
Bismut connection is the unique connection which satisfies
(1) ∇Bg = 0,
(2) ∇BJ = 0,
(3) g(T∇B(X, Y),Z) = dΩ(JX, JY, JZ) = (JdΩ)(X, Y,Z),
∀X,Y,Z ∈ TM, where T∇B is the torsion of ∇B.
Remark 5.2. Notice that from the characterization above of ∇B, it follows that
g(∇BX(Y),Z) = g(∇LCX (Y),Z) +
1
2
TB(X, Y,Z),
∀X,Y,Z ∈ TM, here we consider TB = −dcΩ = JdΩ. Moreover, we have ∇B = ∇LC + 12T∇B .
In what follows we will focus our attention in the study of Bismut connections.
Definition 5.3. A KT structure on a smooth manifold M2n is a triple (g, J,∇B), such that (g, J) is a Hermitian
structure and ∇B is the corresponding Bismut connection.
For the sake of simplicity, in some cases, we will denote by (M, TB) a manifold endowed with a KT structure,
where TB ∈ Ω3(M) is defined as before.
Since ∇B is a Hermitian connection, it follows that Hol0(∇B) ⊂ U(n), where Hol0(∇B) denotes the restricted
holonomy group of the Bismut connection.
Definition 5.4. AHermitian manifold (M,g, J) is said to be Calabi-Yauwith torsion, shortly CYT, if the restricted
holonomy group of the Bismut connection Hol
0
(∇B) is contained in SU(n).
Remark 5.5. Another important class of KT structures are the strong KT structures (SKT). A KT structure
(g, J,∇B) is said to be SKT if dTB = 0. The class of strong KT structures have been recently studied due to their
applications in physics and generalized Ka¨hler geometry, see [22] and references therein.
Let us illustrate the ideas discussed so far by means of a simple example which incorporates some results
covered previously.
Example 5.6. Let XPi be a complex flag manifold associated to some parabolic Lie subgroup Pi ⊂ GCi , such that
i = 1, 2. By taking S1-bundles Q1 ∈ P(XP1 , U(1)) and Q2 ∈ P(XP2 , U(1)), it follows from Theorem 4.3 that the
Hermitian non-Ka¨hler structure (J√−1,gQ1 × gQ2) defines a KT structure (gQ1 × gQ2 , J√−1,∇B) on Q1 ×Q2, such
that
TB = J√−1d
(
η1 ∧ η2
)
,
where
η1 = d
c log
(
1∏
α∈Σ1\Θ1
||sU1v
+
ωα
||ℓα
)
+ dθU1 , and η2 = d
c log
(
1∏
β∈Σ2\Θ2
||sU2w
+
ωβ
||ℓβ
)
+ dθU2 ,
recall that J√−1(X,Y) =
(
φ1(X) − η2(Y)ξ1,φ2(Y) + η1(X)ξ2
)
, ∀X,Y ∈ T(Q1 × Q2). From this, we have a manifold
with explicit KT structure given by (Q1 ×Q2, TB).
As we have seen in Example 5.6, from Theorem 4.3 we can describe explicitly the KT structure induced by the
Morimoto’s Hermitian structure on the torus bundle
π1 × π2 : (Q1 ×Q2, J√−1)→ (XP1 × XP2 , J1 × J2).
In [26] an another approach to construct Hermitian structures on total spaces of a principal torus bundles by
using (1, 0)-connection with (1, 1)-curvature is provided. Let us briefly describe this construction. Let M be the
total space of a principal T2n-bundle over a Hermitian manifold B with characteristic classes of (1, 1)-type. By
choosing a connection
Φ = diag
{√
−1η1, . . . ,
√
−1η2n
} ∈ Ω1(M;Lie(T2n)),
we have dηj = π
∗ψj, such that ψj ∈ Ω1,1(B), ∀j = 1, . . . , 2n. From this, we can construct a complex structure J on
M by using the horizontal lift of the base complex structure on ker(Φ) (horizontal space), since the vertical space
is identified with the tangent space of an even-dimensional torus, we can set J (η2k−1) = −η2k, 1 6 k 6 n. Thus,
we have a well-defined almost complex structure J ∈ End(TM). It is straightforward to verify that J is in fact
integrable, see [26, Lemma 1]. Notice that our convention 5.1 reflects a slight change of sign in the definition of
J ∈ End(TM), cf. [26].
By considering a Hermitian metric gB on the base manifold B, we can use the connection Φ described above to
define a Hermitian metric on (M,J ). In fact, we can set
gM = π
∗gB +
n∑
i=1
(
η2i−1 ⊗ η2i−1 + η2i ⊗ η2i
)
. (5.2)
27
Since J (η2k−1) = −η2k, it follows that the fundamental 2-form ΩM = gM(J ⊗ id) is given by
ΩM = π
∗ωB +
n∑
i=1
η2i−1 ∧ η2i (5.3)
where ωB is a the fundamental 2-form of B, here we consider a∧ b = a⊗ b − b⊗ a, ∀a,b ∈ Ω1(M).
Remark 5.7. It is worth pointing out that the KT structure provided by Morimoto’s Hermitian structure in Ex-
ample 5.6 is a particular case of the KT structure described above. Actually, if we consider B = XP1 × XP2 and
M = Q1 ×Q2, such that Qi ∈ P(XPi ,U(1)), i = 1, 2, then we have J√−1(ξ1) = ξ2, and
(π1 × π2)∗ ◦ J√−1 = (π1 × π2)∗ ◦ (φ1 × φ2) = (J1 × J2) ◦ (π1 × π2)∗,
see Theorem 4.1 and Theorem 4.3. Also, it is straightforward to verify that fundamental 2-form ΩQ1×Q2 =
gQ1×Q2 (J√−1 ⊗ id) satisfies
ΩQ1×Q2 = (π1 × π2)∗(ωXP1 ×ωXP1 ) + η1 ∧ η2,
where ωXPi
is an invariant Ka¨hler metric on XPi , i = 1, 2.
Remark 5.8. Notice that if the base manifold B is compact, Ka¨hler and the curvature Φ is integral, then by the
Lefschetz theorem on (1, 1)-classes, any such bundle can be obtained as the unitary frame bundle associated to a
Whitney sum of holomorphic line bundles. Thus, in this last case we haveM = U(E) such that
E = L1 ⊕ · · · ⊕ L2n,
where Li ∈ Pic(B), and c1(Li) = −
[
ψi
2π
]
, 1 6 i 6 2n.
Since we are interested in applications of the results of [26] in principal torus bundle over complex flag mani-
folds, in what follows we assume that in the fibration T2n →֒M→ B the base manifold B is a compact Hermitian
manifold.
Recall that, given a Ka¨hler manifold (B,ωB), a differential form ψ ∈ Ω•(B) is called primitive if ΛωB(ψ) = 0,
where ΛωB is the dual of the Lefschetz operator LωB :
∧•
(B)→ ∧•+2(B), LωB(ψ) = ψ∧ωB, e.g. [35]. By following
[26], we have the following results.
Proposition 5.9 ([26]). Suppose that B is compact real 2m-dimensional Ka¨hler-Einstein manifold with positive
scalar curvature. Let its scalar curvature be normalized to be 2m2. Suppose that M is an even-dimensional
toric bundle with curvature dΦ = diag{
√
−1dη1, . . . ,
√
−1dη2n}, such that dη1 = π
∗ωB, and for all 2 6 k 6 2n,
dηk = π
∗ψk, with ψk being primitive; thenM admits a CYT structure.
Remark 5.10. The proof of the last proposition follows from the following facts:
(1) If (B,ωB) is compact and Ka¨hler, then
Ric∇
B
(ΩM) = π
∗
(
Ric∇(ωB) −
2n∑
k=1
ΛωB(ψk)ψk
)
, (5.4)
where∇B is the Bismut connection associated to the metric 5.2, and∇ is the Chern connection associated
to ωB.
(2) If (B,ωB) is compact and Ka¨hler-Einstein with c1(B) > 0, then by considering Ric
∇(ωB) =mωB, it follows
that
Ric∇
B
(ΩM) = 0⇐⇒ ωB = 1
m
2n∑
k=1
ΛωB(ψk)ψk, (5.5)
see [26, Proposition 5] for more details.
Corollary 5.11 ([26]). Let Q be the principal U(1)-bundle of the maximum root of the canonical bundle of a
compact Ka¨hler-Einstein manifold B with positive scalar curvature. ThenM = Q×U(1) admits a CYT structure.
Remark 5.12. It is worthwhile to point out that the statement of lemma above is slightly different from the
statement in [26]. In fact, keeping our conventions, we consider Lie(U(1)) =
√
−1R instead of Lie(U(1)) = R, so
we have e(Q) = − 1
I(B)
c1(B), where I(B) denotes the Fano index of B, cf. [26]. Therefore, we need to consider the
canonical bundle instead of the anti-canonical bundle.
From Theorem 4.1 and Corollary 5.11, we have the following result.
Theorem 5.13. Let XP be a complex flag manifold, with real dimension 2m, associated to some parabolic Lie
subgroup P ⊂ GC, and let I(XP) be its Fano index. Then the manifold M = Q(L) × U(1), such that L = K
⊗ ℓ
I(XP)
XP
,
ℓ > 0, admits a CYT structure (gM,J ,∇B) whose fundamental form ΩM = gM(J ⊗ id) is given by
ΩM =
mℓ
I(XP)
dη+ η∧ dσ, (5.6)
such that
√
−1dσ ∈ Ω1(U(1);√−1R) is the Maurer-Cartan form, and (locally)
η =
1
2I(XP)
dc log
(∣∣∣∣sUv+δP ∣∣∣∣2)+ dθU, (5.7)
for some local section sU : U ⊂ XP → GC, where v+δP denotes the highest weight vector of weight δP associated to the
irreducible gC-module V(δP).
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Proof. The proof goes as follows. From Proposition 3.7 and Theorem 4.1, it follows that
Q(K
⊗ ℓ
I(XP)
XP
) =
∑
α∈Σ\Θ
Q
(
−ℓ
〈δP ,h∨α 〉
I(XP)
ωα
)
.
Therefore, from Proposition 3.24 we have a connection one-form on Q(K
⊗ ℓ
I(XP)
XP
) defined by
η ′ =
∑
α∈Σ\Θ
ℓ〈δP,h∨α 〉
2I(XP)
(∂ − ∂
)
log
(
||sUv
+
ωα
||2
)
+ a−1U daU, (5.8)
thus the associated contact structure is given by η = −
√
−1η ′. If we consider aU = e
√
−1θU , where θU is real and
is defined up to an integral multiple of 2π, by rearranging the expression above we obtain
η = −
ℓ
√
−1
2I(XP)
(
∂− ∂
)
log
( ∏
α∈Σ\Θ
||sUv
+
ωα
||2〈δP ,h
∨
α 〉
)
+ dθU. (5.9)
Now, we recall some basic facts about representation theory of simple Lie algebras [13, p. 186]:
(1) V(δP) ⊂
⊗
α∈Σ\Θ V(ωα)
⊗〈δP ,h∨α 〉;
(2) v+δP =
⊗
α∈Σ\Θ v
+⊗〈δP ,h∨α 〉
ωα , where v
+
ωα
∈ V(ωα) is the highest weight vector of highest weight ωα, ∀α ∈
Σ\Θ.
From these two facts, we can take a G-invariant inner product on V(δP) induced from a G-invariant inner product
〈·, ·〉α on each factor V(ωα), ∀α ∈ Σ\Θ, such that〈 ⊗
α∈Σ\Θ
(
v
(α)
1 ⊗ · · ·⊗ v(α)〈δP ,h∨α 〉
)
,
⊗
α∈Σ\Θ
(
w
(α)
1 ⊗ · · ·⊗w(α)〈δP ,h∨α 〉
)〉
=
∏
α∈Σ\Θ
〈
v
(α)
1 ,w
(α)
1
〉
α
· · · 〈v(α)〈δP ,h∨α 〉,w(α)〈δP ,h∨α 〉〉α, (5.10)
Hence, by rearranging the expression 5.9, we obtain obtain from the norm induced by the inner product above
the following expression
η =
ℓ
2I(XP)
dc log
(∣∣∣∣sUv+δP ∣∣∣∣2)+ dθU. (5.11)
From this, givenM = Q(K
⊗ ℓ
I(XP)
XP
)×U(1) we have
TM = TQ(K
⊗ ℓ
I(XP)
XP
)⊕ TU(1),
thus we can define a connection Φ ∈ Ω1(M;Lie(T2)) such that
Φ =
(√
−1η 0
0
√
−1dσ
)
.
Now, by considering the complex structure J ∈ End(M) defined previously, see also [26, Lemma 1], we can fix an
invariant Ka¨hler-Einstein metric ω0 ∈ Ω1,1(XP), such that Ric∇(ω0) = λω0, λ > 0, and consider the Hermitian
metric onM = Q(K
⊗ ℓ
I(XP)
XP
)×U(1) defined by gM = ΩM(id⊗J ), such that
ΩM = π
∗ω0 + η∧ dσ.
Therefore, from Proposition 5.9 and Remark 5.10, in order to obtain a CYT structure we need to solve the equation
Ric∇(ω0) −Λω0(ψ)ψ = 0,
where ψ ∈ Ω1,1(XP) satisfies dη = π∗ψ, notice that from 5.11 we have
ψ =
ℓ
√
−1
I(XP)
∂∂ log
(∣∣∣∣sUv+δP ∣∣∣∣2), (5.12)
thus ψ
2π
= ℓ
I(XP)
c1(XP), see Equation 3.15 and Equation 3.18. Since Ric
∇(ω0) = 2πc1(XP), we obtain
λω0 −
ℓΛω0(ψ)
I(XP)
λω0 = 0⇐⇒ 1− ℓΛω0 (ψ)
I(XP)
= 0. (5.13)
Thus, since ψ = ℓλ
I(XP)
ω0 =⇒ Λω0(ψ) = ℓλmI(XP) , we can solve the equation above on the right side for the parameter
λ. We obtain
λ =
I(XP)
2
ℓ2m
, (5.14)
and the base metric ω0 is given by
ω0 =
mℓ2
√
−1
I(XP)2
∂∂ log
(∣∣∣∣sUv+δP ∣∣∣∣2), (5.15)
notice that ψ =
I(XP)
mℓ
ω0. Therefore, we have
ΩM =
mℓ
I(XP)
dη+ η∧ dσ,
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such that η is given by expression 5.11, which concludes the proof. 
Remark 5.14. Notice that in the setting of Theorem 5.13, we have the following decomposition for the tangent
space ofM = Q(L)×U(1)
TM = ker(η)⊕ 〈ξ = ∂
∂θ
〉⊕ 〈 ∂
∂σ
〉
.
Thus, by considering the associated normal almost contact structure (φ, ξ, η) and the induced CR-structure on
Q(L), we can describe the complex structure J ∈ End(TM), as being
J =
 Jφ 0 00 0 −1
0 1 0
 ,
where Jφ : D → D , such that D = ker(η), see for instance 2.16. It is worthwhile to observe that J (η) = −dσ.
Besides, notice that in terms of the structure tensors (φ, ξ, η) we have
J (Y) = φ(Y) + η(Y)
∂
∂σ
and J
( ∂
∂σ
)
= −ξ, (5.16)
∀Y ∈ TM tangent to Q(L), recall that Jφ = φ|D , see 2.16.
Remark 5.15. Although we denote by
√
−1dσ ∈ Ω1(U(1);√−1R) the Maurer-Cartan form on S1, it is worthwhile
to point out that the 1-form dσ ∈ Ω1(S1) is not exact. In fact, we have dσ obtained from the restriction of the
well-known closed 1-form Ω0 ∈ Ω1(C×) defined by
Ω0 = Im
(
dw
w
)
=
udv− vdu
u2 + v2
, (5.17)
here we consider S1 ⊂ C×, and coordinates w = u +√−1v ∈ C×.
Definition 5.16. A Hermitian manifold (M,g, J) is called locally conformally Ka¨hler (L.C.K.) if it satisfies one of
the following equivalent conditions:
(1) There exists an open cover U ofM and a family of smooth functions {fU}U∈U , fU : U→ R, such that each
local metric
gU = e
−fUg|U, (5.18)
is Ka¨hlerian, ∀U ∈ U .
(2) There exists a globally defined closed 1-form θ ∈ Ω1(M) such that
dΩ = θ∧Ω. (5.19)
Remark 5.17. Notice that the two conditions in the definition above tells us that
θ|U = dfU,
∀U ∈ U , see [18]. The closed 1-form θ ∈ Ω1(M) which satisfies the second condition of the definition above
is called the Lee form of a L.C.K. manifold (M,g, J). It is worth mentioning that, if the Lee form θ of a L.C.K.
manifold (M,g, J) is exact, i.e., θ = df, such that f ∈ C∞(M), then have that (M, e−fg, J) is Ka¨hler. In what follows,
unless otherwise stated, we will assume that θ is not exact, and θ 6≡ 0.
An important subclass of L.C.K. manifolds is defined by the parallelism of the Lee form with respect to the
Levi-Civita connection of g.
Definition 5.18. A L.C.K. manifold (M,g, J) is called a Vaisman manifold if ∇θ ≡ 0, where ∇ is the Levi-Civita
connection of g.
We observe that, under the hypotheses of Theorem 5.13, it follows that Q(L) is a Sasakian manifold, see for
instance [17] for an explicit description of the associated Sasaki structure. Hence, if we consider its Riemannian
cone C (Q(L)) = Q(L) × R+, by taking a real number q ∈ R, q > 0, and considering an equivalence relation
∼q on C (Q(L)) generated by (x, t) ∼ (x,qt), the quotient C (Q(L))/ ∼q defines a Vaisman manifold [54], [55],
or generalized Hopf manifold [72], with the Gauduchon metric [24] provided by an isomorphism C (Q(L))/ ∼q∼=
Q(L)× S1. Being more precise, we have the following result.
Corollary 5.19. The manifold M = Q(L) × U(1), such that L = K⊗
ℓ
I(XP)
XP
, ℓ > 0, with the Hermitian structure
(gM,J ) provided in Theorem 5.13, is also a Vaisman manifold.
Proof. The result follows from the following ideas. By considering the fundamental 2-form ΩM associated to
(gM,J ), we obtain
dΩM = dη∧ dσ =
(
−
I(XP)
mℓ
dσ
)
∧ΩM =⇒ θ = − I(XP)
mℓ
dσ. (5.20)
Thus, we have dΩM = θ ∧ΩM, with dθ = 0. Now, by considering the Levi-Civita connection ∇ associated to the
metric gM = ΩM(id⊗J ), it follows from Koszul’s formula that
2gM(∇XA, Y) = dθ(X, Y) + (LAgM)(X, Y), (5.21)
∀X,Y ∈ Γ(TM), where θ = gM(·,A). Since dθ = 0 and A = − mℓI(XP)
∂
∂σ
, we have
(LAgM) =
(
LAdσ
)⊗ dσ+ dσ⊗ (LAdσ) = 0. (5.22)
Hence, we have ∇θ ≡ 0 =⇒ (M,J ,gM) is Vaisman. 
30
In what follows, we provide some concrete examples which illustrate the result of Theorem 5.13.
Remark 5.20. Given a complex flag manifold XP, associated to some parabolic Lie subgroup P ⊂ GC, for the sake
of simplicity, in the next examples we shall consider the invariant Ka¨hler-Einstein metric ρ0 ∈ Ω1,1(XP) such that
ρ0 =
√
−1∂∂ log
(∣∣∣∣sUv+δP ∣∣∣∣2). (5.23)
The Ka¨hler-Einstein metric above satisfies Ric∇(ρ0) = ρ0, see Equation 3.15 and Equation 3.18. Notice that
ω0 =
mℓ2
I(XP)
2 ρ0, where ω0 is defined by 5.15.
Example 5.21 (Basic Model). Let us describe how the result provided by Theorem 5.13 can be applied in the basic
model 4.1. Since this basic model allows us to describe explicitly CYT structures for a huge class of examples, our
treatment for this partricular case will be more detailed .
Let XPωα be a complex flag manifold, with real dimension 2m, defined by a maximal parabolic Lie subgroup
Pωα ⊂ GC. In this case we have
I(XPωα ) = 〈δPωα ,h∨α 〉 and K
⊗ 1
〈δPωα
,h∨α 〉
XPωα
= L−1χωα .
Thus, by considering the Ka¨hler-Einstein metric
ρ0 = 〈δPωα ,h∨α 〉
√
−1∂∂ log
(∣∣∣∣sUv+ωα ∣∣∣∣2),
given L = K
⊗ ℓ
〈δPωα
,h∨α 〉
XPωα
, for some ℓ > 0, we have a connection
√
−1η ∈ Ω1(Q(L);√−1R) such that
η =
ℓ
2
dc log
(∣∣∣∣sUv+ωα ∣∣∣∣2)+ dθU,
notice that, as in the proof of Theorem 5.13, we have
dη =
ℓ
〈δPωα ,h∨α 〉
π∗ρ0 and ω0 =
mℓ2
〈δPωα ,h∨α 〉2
ρ0.
Hence, we obtain ψ = ℓ〈δPωα ,h∨α 〉
ρ0 ∈ Ω1,1(XPωα ), such that dη = π∗ψ, and also satisfying ψ =
〈δPωα ,h∨α 〉
mℓ
ω0,
which in turn implies that
Ric∇(ω0) −Λω0(ψ)ψ = 0.
In fact, we have
Ric∇(ω0) = Ric
∇
( mℓ2
〈δPωα ,h∨α 〉2
ρ0
)
=
〈δPωα ,h∨α 〉2
mℓ2
ω0,
and
Λω0 (ψ)ψ = Λω0
( 〈δPωα ,h∨α 〉
mℓ
ω0
) 〈δPωα ,h∨α 〉
mℓ
ω0 =
〈δPωα ,h∨α 〉2
mℓ2
ω0.
Notice that in the last equation above we have used that Λω0(ω0) = m. Therefore, it follows from Theorem 5.13
and the computations above that
ΩM =
mℓ2
〈δPωα ,h∨α 〉
√
−1∂∂ log
(∣∣∣∣sUv+ωα ∣∣∣∣2)+
(
ℓ
2
dc log
(∣∣∣∣sUv+ωα ∣∣∣∣2)+ dθU
)
∧ dσ,
defines a CYT structure (gM,J ,∇B) on M = Q(L) × U(1), such that L = K
⊗ ℓ
〈δPωα
,h∨α 〉
XPωα
, for some ℓ > 0, where
gM = ΩM(id ⊗ J ), J is the complex structure described previously, see also Remark 5.14, and ∇B is the
associated Bismut connection.
Example 5.22 (Hopf surface). A particular case of the previous example is given by the well-known Hopf surface
S3 × S1. Consider GC = SL(2,C) and P = B ⊂ SL(2,C) as in Example 3.10. As we have seen, in this case we have
XB = CP
1 and P(CP1, U(1)) = Ze(Q(ωα)),
where Q(ωα) = Q(O(1)). Since I(CP
1) = 2 and KCP1 = O(−2), it follows that K
⊗ 12
CP1
= O(−1), thus
Q(K
⊗ 12
CP1
) = S3.
By following Example 3.10, we obtain
ρ0 = 〈δB,h∨α 〉
√
−1∂∂ log
(∣∣∣∣∣∣ (1 0
z 1
)
e1
∣∣∣∣∣∣2) = 2√−1 dz∧ dz
(1+ |z|2)2
.
Moreover, in this case we have a connection
√
−1η ∈ Ω1(S3;√−1R) such that
η =
√
−1
2
zdz− zdz
(1+ |z|2)
+ dθU.
Therefore, similarly to the previous example, we obtain
ψ =
√
−1dz∧ dz
(1 + |z|2)2
and ω0 =
√
−1
2
dz∧ dz
(1+ |z|2)2
.
such that dη = π∗ψ and ψ = 2ω0. It is straightforward to verify that Ric
∇(ω0) − Λω0(ψ)ψ = 0. Hence, we obtain
from Theorem 5.13 that
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ΩS3×S1 =
√
−1
2
dz∧ dz
(1+ |z|2)2
+
(√
−1
2
zdz− zdz
(1 + |z|2)
+ dθU
)
∧ dσ,
defines a CYT structure (gS3×S1 ,J ,∇B) on S3× S1, where gS3×S1 = ΩS3×S1 (id⊗J ), J is the complex structure
described in Remark 5.14 and ∇B is the associated Bismut connection.
Remark 5.23. Notice that by a similar argument, and by following Example 5.21, we can explicitly describe a
CYT structure on RP3 × S1, as a particular case of CYT structure on (S3/Zℓ)× S1, ℓ > 0.
Example 5.24 (Hopf manifold). We also have as a particular case of Example 5.21 the Hopf manifold S2n+1×S1.
As in Example 3.11, consider GC = SL(n+ 1,C) and Pωα1 ⊂ SL(n+ 1,C). From this, we have
XPωα1
= CPn, and P(CPn, U(1)) = Ze(Q(ωα1)),
where Q(ωα1) = Q(O(1)). Since I(CP
n) = n+ 1 and KCPn = O(−n− 1), it follows that K
⊗ 1n+1
CPn = O(−1), thus
Q(K
⊗ 1n+1
CPn ) = S
2n+1.
By following Example 3.11 and Example 5.21, we obtain
ρ0 = (n+ 1)
√
−1∂∂ log
(
1+
n∑
l=1
|zl|
2
)
,
cf. [53, p. 97 ]. Moreover, in this case we have a connection
√
−1η ∈ Ω1(S2n+1;√−1R) such that
η =
√
−1
2
n∑
l=1
zldzl − zldzl(
1+
∑n
l=1 |zl|
2
) + dθU,
see 5.8 and Example 3.25. Thus, similarly to the previous example, we obtain
ψ =
√
−1∂∂ log
(
1+
n∑
l=1
|zl|
2
)
and ω0 =
n
n + 1
√
−1∂∂ log
(
1+
n∑
l=1
|zl|
2
)
,
such that dη = π∗ψ, and ψ = n+1
n
ω0. It is straightforward to verify that Ric
∇(ω0) − Λω0(ψ)ψ = 0. Hence, we
have from Theorem 5.13 that
ΩS2n+1×S1 =
n
n + 1
√
−1∂∂ log
(
1+
n∑
l=1
|zl|
2
)
+
(√
−1
2
n∑
l=1
zldzl − zldzl(
1+
∑n
l=1 |zl|
2
) + dθU
)
∧ dσ,
defines a CYT structure (gS2n+1×S1 ,J ,∇B) on S2n+1 × S1, where gS2n+1×S1 = ΩS2n+1×S1 (id ⊗ J ), J is the
complex structure described in Remark 5.14, and ∇B is the associated Bismut connection.
Remark 5.25. Similarly to Example 5.22, the ideas used in the example above can be applied to describe a CYT
structure on L(n,ℓ) × S1, where L(n,ℓ) = S2n+1/Zℓ, ∀ℓ > 0, see Example 3.25.
Example 5.26 (V2(R
6) × S1). Consider GC = SL(4,C) and Pωα2 ⊂ SL(4,C) as in Example 3.12. In this case we
have XP = Gr(2,C
4) (Klein quadric). Also, notice that
Pic(Gr(2,C4)) = Zc1(Lχα2 ).
Since I(Gr(2,C4)) = 4 and K
⊗ 14
Gr(2,C4)
= Lχα2 , it follows that
Q(K
⊗ 14
Gr(2,C4)
) = V2(R
6),
see Example 3.26. Thus, from Equation 3.19 we obtain
ρ0 = 4
√
−1∂∂ log
(
1+
4∑
k=1
|zk|
2 +
∣∣∣∣ det(z1 z3z2 z4
) ∣∣∣∣2
)
.
Moreover, we have a connection
√
−1η ∈ Ω1(V2(R6);
√
−1R) such that
η =
1
2
dc log
(
1+
4∑
k=1
|zk|
2 +
∣∣∣∣det(z1 z3z2 z4
) ∣∣∣∣2
)
+ dθU.
Therefore, similarly to the previous example, we obtain
ψ =
√
−1∂∂ log
(
1+
4∑
k=1
|zk|
2 +
∣∣∣∣ det(z1 z3z2 z4
) ∣∣∣∣2
)
and ω0 =
√
−1∂∂ log
(
1+
4∑
k=1
|zk|
2 +
∣∣∣∣det(z1 z3z2 z4
) ∣∣∣∣2
)
,
such that dη = π∗ψ, notice that ψ = ω0. Hence, we can verify that Ric
∇(ω0) − Λω0(ψ)ψ = 0. Thus, we obtain
from Theorem 5.13 that
ΩV2(R6)×S1 =
√
−1∂∂ log
(
1+
4∑
k=1
|zk|
2+
∣∣∣∣ det(z1 z3z2 z4
) ∣∣∣∣2
)
+
(
1
2
dc log
(
1+
4∑
k=1
|zk|
2+
∣∣∣∣det(z1 z3z2 z4
) ∣∣∣∣2
)
+dθU
)
∧dσ,
defines a CYT structure (gV2(R6)×S1 ,J ,∇B) on V2(R6) × S1, where gV2(R6)×S1 = ΩV2(R6)×S1 (id ⊗ J ), J is the
complex structure described in Remark 5.14, and ∇B is the associated Bismut connection.
Remark 5.27. As in the previous cases, the ideas applied in the last example also can be naturally generalized in
order to obtain a CYT structure on Q(K
⊗ ℓ
I(Gr(k,Cn))
Gr(k,Cn) )× S1, ∀ℓ > 0, see Example 4.8.
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Our next example illustrate by means of a concrete case how we can apply Theorem 5.13 in order to obtain a
CYT structure on certain principal T2-bundles over full flag manifolds.
Example 5.28 (X1,1 × S1). Consider GC = SL(3,C), and P∅ = B ⊂ SL(3,C) (Borel subgroup). As we have seen in
Example 4.9, in this case we have the Wallach flag manifold XB = W6 given by the quotient space
W6 = SL(3,C)/B = SU(3)/T
2.
Moreover, we have the characterization P(W6,U(1)) = Ze(Q(ωα1))⊕Ze(Q(ωα2)). A straightforward computation
shows that δB = 2ωα1 + 2ωα2 , and I(W6) = 2. Hence, we obtain
Q(K
⊗ 1
I(W6)
W6
) = Q(−ωα1) +Q(−ωα2) = SU(3)/U(1) = X1,1,
where X1,1 is an example of Aloff-Wallach space, see Example 4.9. By means of 5.23, we obtain
ρ0 = 2
√
−1∂∂ log
[(
1+
2∑
i=1
|wi|
2
)(
1+ |w3|
2 +
∣∣∣∣ det(w1 1w2 w3
) ∣∣∣∣2)
]
.
Furthermore, in this case we have a connection
√
−1η ∈ Ω1(X1,1;
√
−1R) such that
η =
1
2
dc log
[(
1+
2∑
i=1
|wi|
2
)(
1+ |w3|
2 +
∣∣∣∣ det(w1 1w2 w3
) ∣∣∣∣2)
]
+ dθU.
Therefore, similarly to the previous examples, we obtain
ψ =
√
−1∂∂ log
[(
1+
2∑
i=1
|wi|
2
)(
1+ |w3|
2 +
∣∣∣∣det(w1 1w2 w3
) ∣∣∣∣2)
]
,
such that dη = π∗ψ, and
ω0 =
3
2
√
−1∂∂ log
[(
1+
2∑
i=1
|wi|
2
)(
1+ |w3|
2 +
∣∣∣∣det(w1 1w2 w3
) ∣∣∣∣2)
]
,
notice that ψ = 2
3
ω0, where m = 2. It is straightforward to verify that Ric
∇(ω0) −Λω0(ψ)ψ = 0. Thus, we obtain
from Theorem 5.13 that
ΩX1,1×S1 =
√
−1∂∂ log
[(
1+
2∑
i=1
|wi|
2
)(
1+ |w3|
2 +
∣∣∣∣det(w1 1w2 w3
) ∣∣∣∣2)
]
+
{
1
2
dc log
[(
1+
2∑
i=1
|wi|
2
)(
1+ |w3|
2 +
∣∣∣∣det(w1 1w2 w3
) ∣∣∣∣2)
]
+ dθU
}
∧ dσ,
defines a CYT structure (gX1,1×S1 ,J ,∇B) on X1,1 × S1, where gX1,1×S1 = ΩX1,1×S1 (id ⊗ J ), J is the complex
structure described in Remark 5.14 and ∇B is the associated Bismut connection.
Example 5.29 (Full flag manifolds G/T ). A full flag manifold is defined as the homogeneous space given by G/T ,
where G is a compact simple Lie group and T ⊂ G is a maximal torus. By considering the root system Π = Π+∪Π−
associated to the pair (G, T) [39], from the complexification GC of G we have an identification
G/T ∼= GC/B,
where B ⊂ GC is a Borel subgroup such that B ∩ G = T . In this setting we have dimR(G/T) = 2|Π+|, and if we
consider the principal circle bundle Q(KG/T ) → G/T , we can apply Theorem 5.13 and obtain an explicit CYT
structure (gM,J ,∇B) onM = Q(KG/T )×U(1), such that
Hol
0
(∇B) ⊂ SU(|Π+|+ 1). (5.24)
An interesting feature of this particular example is that, if we denote by
ρ =
1
2
∑
α∈Π+
α, (5.25)
it follows that δB = 2ρ, see 3.14. Therefore, from Proposition 3.7 it follows that KG/T = L
−1
χ2ρ
. Moreover, by using
the notation 3.21, we can write Q(KG/T ) = Q(−2ρ), notice that in this case we have I(G/T) = 2 [34, § 13.3]. Also,
we have that the CYT structure onM = Q(−2ρ)×U(1) is completely determined by
η =
1
4
dc log
(∣∣∣∣sUv+2ρ∣∣∣∣2) + dθU,
for some local section sU : U ⊂ G/T → GC, where v+2ρ denotes the highest weight vector of weight 2ρ for the
irreducible gC-module V(2ρ).
5.2. Astheno-Ka¨hler structures on products of compact homogeneous Sasaki manifolds. In this sub-
section we further explore the applications of our main results, i.e. Theorem 4.1 and Theorem 4.3. The main goal
is providing an explicit description, in terms of elements of Lie theory, for astheno-Ka¨hler structures by means of
Tsukada’s Hermitian structures on the product of two homogeneous Sasakian manifolds, e.g. [71], [47], [48].
In what follows we keep the conventions and notations of the previous subsection.
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Definition 5.30. A Hermitian manifold M with complex dimension m is said to be astheno-Ka¨hler if its funda-
mental 2-form ΩM satisfies dd
cΩm−2M = 0, i.e., if
Ωm−2M = ΩM ∧ . . .∧ΩM︸ ︷︷ ︸
(m−2)-times
, (5.26)
is pluriharmonic.
In the setting of Theorem 4.3 we haveM = Q1×Q2, whereQi ∈ P(XPi , U(1)), i = 1, 2, and we can also consider
Morimoto’s Hermitian structure (ΩM, J√−1) on M, see Example 5.6. Further, if we suppose that dimC(M) = 3,
the astheno-Ka¨hler condition becomes
ddcΩM = 0. (5.27)
Thus, since TB = −d
cΩM = J√−1ΩM, the astheno-Ka¨hler condition is equivalent to the strong KT condition,
see Remark 5.5. From these last comments, it is straightforward to see that S3 × S3 endowed with Morimoto’s
Hermitian structure is an example of astheno-Ka¨hler which is also strong KT , see [47, Theorem 4.1].
Remark 5.31. As we have seen in Theorem 4.3, the complex structure J√−1 is a particular case of a more general
construction provided by [46] and [71], see Proposition 2.23 and Remark 2.26. By following [71], [47], [48], we
have similar results related to the construction of astheno-Ka¨hler structures for more general Calabi-Eckmann
manifolds of the form S2n+1 × S2m+1, n,m > 1.
Let us briefly describe some general facts related to the ideas introduced in [71], and more recently applied in
the setting of astheno-Ka¨hler manifolds in [47], [48].
Given an almost contact metric manifold Q with structure tensors (φ, ξ, η,g), see 2.19, we say that M is a
contact metric manifold if the structure tensors satisfy the compatibility conditions:
(1) η∧ (dη)n 6= 0, η(ξ) = 1,
(2) φ ◦ φ = −id+ η⊗ ξ,
(3) g(φ ⊗ φ) = g− η⊗ η,
(4) dη = 2g(φ ⊗ id).
Given a contact metric manifold (Q,φ, ξ, η,g), we say that Q is a Sasaki manifold if and only if ξ is a Killing
vector field (i.e. Lξg = 0) and the underlying almost contact structure (φ, ξ, η) satisfies[
φ,φ
]
+ dη⊗ ξ = 0,
i.e., if (φ, ξ, η) is a normal almost contact structure, see for instance [6].
Remark 5.32. An alternative characterization of Sasaki manifolds obtained directly from almost contact metric
manifolds is the following: an almost contact metric manifold (Q,φ, ξ, η,g) is a Sasaki manifold if and only if
(∇Xφ)Y = g(X, Y)ξ − η(Y)X, (5.28)
∀X,Y ∈ TQ, such that ∇ is the associated Levi-Civita connection, e.g. [6, Theorem 6.3].
Given two Sasaki manifolds Q1 and Q2, with structure tensors (φi, ξi,ηi,gi), i = 1, 2, we can consider the
1-parametric family of complex structures given by Tsukada’s [71] complex structures Ja,b ∈ End(T(Q1 × Q2)),
a+
√
−1b ∈ C\R, by setting
Ja,b = φ1 −
(
a
b
η1 +
a2 + b2
b
η2
)
⊗ ξ1 + φ2 +
(
1
b
η1 +
a
b
η2
)
⊗ ξ2. (5.29)
Notice that, as we have seen in Remark 2.26, up to a suitable change, the complex structures described above
are the same as in Proposition 2.23. For this particular case, we can consider also the 1-parametric family of
Hermitian metrics on the complex manifold (Q1 × Q2, Ja,b) introduced by Tsukada [71], see also [48], which is
defined by
ga,b = g1 + g2 + a
(
η1 ⊗ η2 + η2 ⊗ η1
)
+
(
a2 + b2 − 1
)
η2 ⊗ η2. (5.30)
From the compatibility conditions of the underlying contact metric structures (φi, ξi, ηi,gi), i = 1, 2, we have that
the fundamental 2-form Ωa,b = ga,b(Ja,b ⊗ id) associated to the Hermitian manifold (Q1 ×Q2, Ja,b,ga,b) is given
by
Ωa,b =
1
2
(
dη1 + dη2
)
+ bη1 ∧ η2. (5.31)
Remark 5.33. It is worthwhile to observe that, in the setting above, if we consider the 1-parametric family of
complex structures Jτ ∈ End(T(M1 ×M2)), with τ = a+
√
−1b ∈ C\R, as in Proposition 2.23, we can also obtain
a 1-parametric family of Hermitian metrics gτ. In fact, the complex structures Jτ can be expressed in terms of
structure tensors (φ, ξ, η) by
Jτ = φ1 −
(
a
b
η1 +
1
b
η2
)
⊗ ξ1 + φ2 +
(
a2 + b2
b
η1 +
a
b
η2
)
⊗ ξ2. (5.32)
From this, we have associated to the complex structure above a Hermitian metric gτ such that
gτ = g1 + g2 + a
(
η1 ⊗ η2 + η2 ⊗ η1
)
+
(
a2 + b2 − 1
)
η1 ⊗ η1. (5.33)
It is straightforward to verify that Ωτ = gτ(Jτ ⊗ id) is given by
Ωτ =
1
2
(
dη1 + dη2
)
+ bη1 ∧ η2.
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Therefore, we obtain a precise correspondence between Tsukada’s Hermitian structures and the Hermitian struc-
tures associated to the complex structured described in Proposition 2.23 (and Theorem 4.3) on products of Sasaki
manifolds.
By considering the Hermitian manifold (Q1 ×Q2, Ja,b,Ωa,b), a +
√
−1b ∈ C\R, described above, from [48] we
have the following result.
Theorem 5.34. Let Qi be a (2mi + 1)-dimensional Sasaki manifold with structure tensors (φi, ξi,ηi,gi), i = 1, 2,
and m1 +m2 + 1 > 3. Then the Hermitian manifold (Q1 ×Q2, Ja,b,Ωa,b), a +
√
−1b ∈ C\R, is astheno-Ka¨hler if
and only if the real constants a,b ∈ R satisfy
m1
(
m1 − 1
)
+ 2am1m2 +m2
(
m2 − 1
)(
a2 + b2
)
= 0. (5.34)
Remark 5.35. Even though we are following some different conventions as in Remark 5.1, up to some changes of
signs, the proof of the last theorem remains essentially the same as the proof presented in [48, Theorem 4.1].
Definition 5.36. A Sasakian manifold Q with structure tensors (φ, ξ, η,g) is said to be homogeneous if there is
a connected Lie group G acting transitively and effectively as a group of isometries on Q preserving the Sasakian
structure.
Remark 5.37. In order to study the application of Theorem 5.34 in the homogeneous setting, we observe that
for a homogeneous Sasaki manifold M with structure tensors (φ, ξ, η,g), denoting by G the connected Lie group
acting on Q, since the Lie group preserves the structure tensors (φ, ξ, η,g), in particular it preserves the contact
structure η ∈ Ω1(Q). Therefore, the underlying contact manifold (Q, η) is homogeneous.
As we have seen in the remark above, if we suppose that a compact connected Lie group acts on a compact
Sasaki manifold Q in such a way that the structure tensors (φ, ξ, η,g) are preserved, it follows from Theorem
2.12 and Theorem 2.14 that Q = Q(L), where Q(L) is a principal circle bundle over a complex flag manifold XP,
and L−1 ∈ Pic(XP) is a very ample holomorphic line bundle, see Proposition 2.13.
By following [17] and Theorem 4.1, given a compact homogeneous Sasaki manifold Q = Q(L), its structure
tensors (φ, ξ, η,g) can be described by means of the Cartan-Ehresmann connection
√
−1η ∈ Ω1(Q(L);√−1R),
such that
η =
1
2
dc log
( ∏
α∈Σ\Θ
||sUv
+
ωα
||2ℓα
)
+ dθU, (5.35)
where P = PΘ and ℓα ∈ Z>0, ∀α ∈ Σ\Θ. We notice that, for L−1 ∈ Pic(XP) as above, we have
L−1 =
⊗
α∈Σ\Θ
L⊗ℓαχα , (5.36)
such that ℓα ∈ Z>0, ∀α ∈ Σ\Θ. Thus, if we consider the weight λ(L) ∈ Λ∗Z>0 defined by
λ(L) =
∑
α∈Σ\Θ
ℓαωα, (5.37)
we can associate toM = Q(L) an irreducible gC-module V(λ(L)) with highest weight vector v+
λ(L)
∈ V(λ(L)). Since
we have
V(λ(L)) ⊂
⊗
α∈Σ\Θ
V(ωα)
⊗ℓα and v+λ(L) =
⊗
α∈Σ\Θ
(v+ωα)
⊗ℓα , (5.38)
see for instance [13, p. 186], we can take a G-invariant inner product on V(λ(L)) induced from a G-invariant inner
product 〈·, ·〉α on each factor V(ωα), ∀α ∈ Σ\Θ, such that〈 ⊗
α∈Σ\Θ
(
v
(α)
1 ⊗ · · · ⊗ v(α)ℓα
)
,
⊗
α∈Σ\Θ
(
w
(α)
1 ⊗ · · · ⊗w(α)ℓα
)〉
=
∏
α∈Σ\Θ
〈
v
(α)
1 ,w
(α)
1
〉
α
· · · 〈v(α)ℓα ,w(α)ℓα 〉α, (5.39)
By considering the norm || · || on V(λ(L)) induced from the inner product above, we can rewrite 5.35 as
η =
1
2
dc log
(
||sUv
+
λ(L)||
2
)
+ dθU, (5.40)
for some local section sU : U ⊂ XP → GC.
Remark 5.38. It is worthwhile to observe that the ample line bundle L−1 ∈ Pic(XP) associated toM = Q(L) is in
fact very ample, i.e., we have a projective embedding
GC/P →֒ P(V(λ(L))) = Proj(H0(XP, L−1)∗),
see for instance [41, Page 193], [13, Theorem 3.2.8], [68].
Now, from Theorem 5.34, Theorem 4.3 and the ideas introduced in [17], we have the following result in the
homogeneous setting.
Theorem 5.39. Let Qi = Q(Li) be a compact homogeneous Sasaki manifold with structure tensors (φi, ξi,ηi,gi),
such that L−1i ∈ Pic(XPi) is an ample line bundle, for some Pi = PΘi ⊂ GCi , i = 1, 2. Then we have that:
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(1) The manifold M = Q(L1) × Q(L2) admits a 1-parametric family of Hermitian structures (Ωa,b, Ja,b), a +√
−1b ∈ C\R, completely determined by principal S1-connections √−1ηi ∈ Ω1(Q(Li);
√
−1R), i = 1, 2, such
that
ηi =
1
2
dc log
(
||sUiv
+
λ(Li)
||2
)
+ dθUi , (5.41)
for some local section sUi : Ui ⊂ XPi → GCi , where v+λ(Li) is the highest weight vector associated to an
irreducible gC-module V(λ(Li)), i = 1, 2;
(2) Moreover, the Hermitian structure (Ωa,b, Ja,b) is astheno-Ka¨hler if and only if the real constants a,b ∈ R
satisfy
mΘ1
(
mΘ1 − 1
)
+ 2amΘ1mΘ2 +mΘ2
(
mΘ2 − 1
)(
a2 + b2
)
= 0, (5.42)
where mΘi = |Π
+
i \〈Θi〉+|, i = 1, 2.
Proof. The proof is a consequence of some results covered previously. The proof of item (1) follows from Theo-
rem 4.1 and Theorem 4.3. In fact, from Theorem 4.1 we have an explicit description for the structure tensors
(φi, ξi, ηi,gi) on Qi = Q(Li) in terms of the Cartan-Ehresmann connection
√
−1ηi ∈ Ω1(Q(Li);
√
−1R), i = 1, 2,
induced by
ηi =
1
2
dc log
(
||sUiv
+
λ(Li)
||2
)
+ dθUi .
Therefore, we obtain from Theorem 4.3 a concrete description for Tsukada’s [71] Hermitian structure (Ωa,b, Ja,b),
a +
√
−1b ∈ C\R, on Q(L1) ×Q(L2). The proof of item (2) follows from Theorem 5.34, and from the fact that for
P = PΘ we have Lie(PΘ) = pΘ ⊂ gC given by
pΘ = n
+ ⊕ h⊕ n(Θ)−, with n(Θ)− =
∑
α∈〈Θ〉−
gα,
which implies that dimC(XP) = |
(
Π+i \〈Θi〉+|. 
Remark 5.40. We notice that the last theorem provides a constructive method to produce examples of astheno-
Ka¨hler manifolds in such a way that the underlying Hermitian structure can be completely determined by using
elements of Lie theory such as painted Dynkin graphs [1] and representation theory of simple Lie algebras.
Remark 5.41. As we have mentioned in the introduction, from Theorem 5.39 we obtain a huge class of examples of
compact non-Ka¨hler Hermitian manifolds which can be used to illustrate the solution of Gauduchon’s conjecture
[24]. Being more precise, given an astheno-Ka¨hler manifold
(
M,Ωa,b, Ja,b
)
as in Theorem 5.39, and fixing the
Gauduchon metric Ω0 (cf. [24]) in the conformal class of Ωa,b, for every closed real (1, 1)-form ψ ∈ cBC1 (M), we
have
Ric(Ωa,b) = ψ+
√
−1∂∂F,
for some F ∈ C∞(M). From this, it follows from [70, Corollary 1.2] that there exists a unique constant A, and a
unique Gauduchon metric Ωu ∈ Ω2(M) satisfying
Ωn−1u = Ω
n−1
0 +
√
−1∂∂u∧Ωn−2a,b (5.43)
for some smooth function u, solving the Calabi-Yau equation
Ωnu = e
F+AΩna,b. (5.44)
Therefore, applying −
√
−1∂∂ log in the both sides of the equation above, it follows that
Ric(Ωu) = Ric(Ωa,b) −
√
−1∂∂F = ψ. (5.45)
The computation above provides a brief illustration of how the result of Theorem 5.39 can be used as a source of
examples in the setting of Gauduchon’s conjecture. For more details about Gauduchon’s conjecture, as well as its
solution, see [66], [70], [24].
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